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Prioritised Planning (PP) is a popular approach for multi-agent and multi-robot navigation. In PP, collision-free paths are
computed for one agent at a time, following a total order over the agents, called a priority ordering. Many MAPF algorithms
follow this approach or use it in some way, including several state-of-the-art MAPF algorithms, although it is known that PP
is neither complete nor optimal. In this work, we characterise the space of problems a PP algorithm can solve, and define
the search problem of identifying whether a given MAPF problem is in that space. We call this search problem Prioritised
MAPF (P-MAPF) and investigate its computational complexity, showing that it is generally NP-hard. Then, we develop a novel
efficient search algorithm called Path and Priority Search (PaPS), which solves P-MAPF, providing guarantees of completeness
and optimality. We next observe that PP algorithms operate with two primary degrees of freedom — the choice of priority
ordering, and the choice of individual paths for agents. Accordingly, we further divide P-MAPF into two planning problems
corresponding to the two degrees of freedom. We call them Priority-Function Constrained MAPF (PFC-MAPF), where the
path choice is fixed while the priority ordering is not, and Priority Constrained MAPF (PC-MAPF), where the priority ordering
is fixed while the path choice is not. We analyse these problems as well, and show how PaPS can be easily adapted to
create algorithms that solve these problems optimally. We experiment with our algorithms in a range of settings, including
comparisons with existing PP baselines. Our results show how the different degrees of freedom of PP-based algorithms affect
their behaviour, and provide the first-known results for solution-quality optimality for PP-based algorithms on a popular
MAPF benchmark set. The latter can be used as a lower bound for any PP algorithm.
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1 Introduction

Multi-Agent Path Finding (MAPF) is the problem of planning the movement of multiple agents in a shared
environment, such that they do not collide with static obstacles in the environment and with each other (Stern

et al. 2019). This problem manifests in applications such as automated warehouses (Li, Tinka, et al. 2021; Ma, Li,
et al. 2017; Morag, Stern, et al. 2023; Varambally et al. 2022). Solving MANPRasd (Nebel 2020) for directed
graphs and can be done in polynomial time in the special case of MAPF on undirected graphs (Daniel Kornhauser
1984). The problem graph is typically unweighted. In general, it is preferred that agents reach their targets as
quickly as possible. Accordingly, the quality of a solution is usually measured by considering the sum of the
lengths of all paths, known as th8um-of-Cost6SOC). Finding solutions to MAPF problems with optimal (lowest)
SOC is alsdNPhard, even on undirected graphs (Yu and LaValle 2013).

Academics and practitioners alike have been seeking ways to mitigate the computational complexity of MAPF.
One commonly used approach to do so is Prioritised Planning (PP) (Erdmann and Lozano-Pérez 1986). In PP for
MAPF, paths are found for each agent, one at a time, following a given priority oRlerfO; 0, """ 0. g
When planning for an agent, we aim for it to reach its target as quickly as possible, while avoiding the paths
previously planned for the higher-priority agents. Many MAPF algorithms follow this approach, including
algorithms that are applied in Robotics and Al (Li, Chen, Harabor, P. Stuckey, et al. 2021; Li, Chen, Harabor,
P. J. Stuckey, et al. 2022; Ma, Harabor, et al. 2019; Silver 2005; Van Den Berg and Overmars 2005). PP algorithms
are usually fast and scalable (Li, Chen, Harabor, P. Stuckey, et al. 2021), since a path for each agent is only planned
once, and the quality of the returned solution is often close to optimal (Ma, Harabor, et al. 2019). Nevertheless, PP
algorithms have two main drawbacks: (i) they are incomplete, i.e., they may fail to nd any solution to a MAPF
problem instance that is solvable; and (ii) they are suboptimal, i.e., the solutions they return have no quality
guarantees. This raises the question that is the focus of this whrdw to characterise the problems that can
be solved by a PP algorithm and the quality of the solutions that it can return.

To characterise the space of problems that can be solved by a PP algorithm and the space of solutions they
may return, we de ne a PP algorithm according to the following two key design choices in all PP algorithms:

Choice of Priority Ordering. That is, the order of agents according to which a PP algorithm will plan
paths. The number of such orderings is factorial in the number of agents.

Choice of Individual Paths. When planning a path for an agertlg, which of the individually optimal
paths that avoid the higher-priority agents' paths to choose from. The number of such paths depends on
the topology of the problem graph , the source and target locatioigand(, and the paths of previous
agents, but they are often numerous (Li, Harabor, P. J. Stuckey, Ma, et al. 2019).

Correspondingly, we de ne &P algorithnas a pairing of a priority ordering® and a path-functionF , where the
former speci es a total order over the agents and the latter is a function that chooses which speci ¢ optimal path
to return for a given agent (given the higher-priority agents' paths). The choice of which priority ordefhgs
known to have a signi cant e ect on the odds of nding a solution and the quality of that solution. Accordingly,
previous works have mainly focused on nding good orderings (Bennewitz et al. 2002; Ma, Harabor, et al. 2019;
Zhang et al. 2022). We show, both theoretically and empirically, that the choices of Bathd F are important.
That is to say, some pairing @ andF may lead PP to fail to nd a solution, or to nd a low-quality (high-cost)
solution.

This is illustrated in Figure 1. In this example, the source vertex and target vertex of each Bgerd labelledy
andGg, respectively. VerticeR e e k5 are additional vertices in the graph without any special association. Consider
a priority orderingP =f0; 0, 03g. Clearly,01 plans its shortest path from its sourd® to its targetG. Then,
when it is0,'s turn to plan, it will use some path-functiofr to select among several equivalent-cost paths to
reach its targetz while avoiding the path oD;. To avoid con icting with 01, 0, will have to move intoB, B, or
G, and also perform one wait action. This still leav@swith multiple paths (of cost 5 fof),) to choose from. Let

Journal of Arti cial Intelligence Research, Vol. 84, Article 21. Publication date: November 2025.



Prioritised Planning: Completeness, Optimality, and Complexity 21:3

Fig. 1. A MAPF problem with three agents that may be solved by PP under certain conditions. VeRjees @ indicate the
source and target positions of ageft

us focus on three of these possible paths. The rst pais Be B G» E» G2 will result in an optimal (minimal)

SOC for all agents (which is 13). The second pab» & G k* B GY4causes additional waiting (+1) for agedy
(when0, passes i), resulting in a sub-optimal solution (a total SOC of 14). The third paie & Be Be e GY
produces a deadlock failure, sinBg is not able to move away frong, resulting in an unavoidable collision.
Thus, the choice of individual paths is clearly crucial for the success of PP in this example. Alternatively, using a
di erent priority ordering would change the set of paths that the agents can choose from, possibly increasing the
cost of a solution or resulting in a failure. For example, any ordering wh@séaas the highest priority will result

in a deadlock, a6, would occupyG inde nitely, blocking both other agents from reaching their targets.

Then, we de ne thePrioritised MAPEP-MAPF) problem, which is the problem of solving a MAPF problem
with any PP algorithm using any choice & andF . Any solution returned for P-MAPF is a solution that could
be returned by a PP algorithm for some choicePfandF and vice versa. We analyse P-MAPF theoretically,
showing that computing feasible P-MAPF solutionsN&hard. We then propose a new algorithrRath and
Priority Searcl{PaPS), which computes optimal solutions to P-MAPF problems and returns failure if no such
solution exists. PaPS is the rst prioritised algorithm to have these guarantees.

We then decompose P-MAPF into two separate problems, along the lines of PP's two degrees of freedom: The
rst problem is calledPriority Constrained MAPIPC-MAPF), and is the problem of nding a solution that is
prioritised with respect to a speci ¢, given, priority ordering. We show PaPS can easily be adapted into an
optimal and complete algorithm for PC-MAPF, which we call Priority Constrained Search (PCS). We also propose
a simple and sub-optimal algorithn®rioritised Planning with Randomised(RPR), which uses randomisation
to sample the space of feasible PC-MAPF solutions. The second problem isRabeitl-Function Constrained
MAPFPFC-MAPF), and is the problem of nding a solution that is prioritised with respect to any ordering, but
whereF is given as input. Here too, we show PaPS can easily be adapted into an optimal and complete algorithm,
this time for PFC-MAPF. We call this algorithm Priority-Function Constrained Search (PFCS). We further show
that these problems are aldéPhard.

In an empirical analysis, we compare our optimal and sub-optimal algorithms with each other, as well as with
existing baselines, in terms of solution quality, runtime, and success rate. We show that our proposed methods can
succeed where a PP algorithm fails, and we report rst optimal solutions for a wide range of P-MAPF problems
from recent literature. We also use a sampling-based approach to approximate a P-MAPF oracle that scales to
more agents than PaPS. We use this to show the potential of better path choice in PP and inspire future works
that would leverage it.

The rest of this paper is structured as follows. In section 2, we give background on MAPF and relevant
algorithms, techniques, and data structures. Section 3 introduces and analyses P-MAPF. In section 4 we describe
PaPS and its properties. Section 5 introduces PFC-MAPF and PC-ia$®ell as algorithms for solving these
problems. Section 6 presents an experimental evaluation of new and existing algorithms. In section 7 we give

10ur preliminary work on PC-MAPF was published in the Proceedings of the 17th International Symposium on Combinatorial Search
(2024).
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our conclusions and directions for future work, followed by acknowledgements in section 8. Finally, appendix A
includes long complexity proofs which we skip in the main body of the paper, and appendix B includes extended
results for our experiments.

2 Background and Definitions

In this work, we consider the classic Multi-Agent Path FindingAPF) model from Stern et al. (2019). The input
of a MAPF problem is a directed graph= 1+« ° and a set of agents. Each age®g has an associated source
locationB 2 + and target locatior(g 2 +, given as a source vect@and the target vectof; respectively. Time is
discretised into time steps. At each time st§an agent at vertexe 2 + can move to an adjacent vertéx2 +

in the graph (provided there exists an appropriate ed@® E 2 ) or wait at its current location. Apathis a
sequence of moves and waits that transition an agégitrom B to G, and itscostis the number of time steps
required to traverse it. Acon ict occurs when two agent8s andQg attempt to occupy the same vertéx2 +

at the same timé&5 calledvertex con ict(denoted asOg Op E* G, or traverse the same edgB+E 2  (or the
inverse edgéE-«DP) at the same timé& callededge con ict(denoted asOg O D+ E+ & A solutionc to the MAPF
problem is a set of paths, one for each agent. We say that a solutionadid (equivalently,feasiblg if the paths
are con ict-free. If a solution does not meet the de nition above in any way, such as by containing con icts
or only mapping some of the agents to paths, we calhwalid (equivalently,infeasiblé. Thelcost of a solution
is de ned as theSum-of-CostéSOC), which is the sum of the path cost of each agent; i.g.; costcg®. An
alternative, less commonly used cost functionvakespanThis function is simply the maximal path cost, and
disregards all paths with a lower cost; i.max,, costcg’. We will only focus on SOC in this paper. A solution is
calledoptimalif it has the lowest SOC of all valid solutions to a given problem.

2.1 Heuristic Search

Heuristic Searcls a common technique for quickly nding solutions to problems with large (even in nite) state
spaces. A fundamental and widely used algorithm in this eldAs (Hart et al. 1968). The following is a standard
formulation of A , though many variations existA searches &earch treewhere node= contains astateas
described by the problem de nition, and a reference to the node's parent node.rdbeof this tree is a node
= initialised with the initial statel of the problem A e ciently explores the search tree to nd a sequence
of state transitions, from in =, to a desired goal state, in a goal node= . In some problems, multiple goal
states exist, in which case is implicitly de ned by a function that tests if a given state is considered a goal
state. Acost functioncommonly denote®!=°, assigns a cost to the search no@&=° must be monotonic and
non-decreasing, so the cost of a child node is never lower than that of its parehewistic functioncommonly
denoted =0, estimates the minimal additional cost that must be added on tof'sf to eventually transition
to a goal node= . In other words, 1=° is an estimate 06!= °© 6!=°, where6'= ° has minimal cost among
goal nodes reachable from A performs abest- rst searclon the tree in the following manner: First, the root
node is generated and inserted into a priority queue ca@BEN Then, we iteratively remove (pop) fro®@PEN
the node= with a minimal 51=° = 61=°  1=°, After removing the node, wexpandt. A process in which we
generatehild nodes, one for each state that we may transition to from the current node's state, as de ned by the
problem formulation. We then insert these nodes ifPENand continue to the next iteration. The search stops
when we pop a goal node. We can then follow the chain of parent state references in these nodes, and return the
sequence of state transitions from the initial state to the goal state. In some problems, the sequence of transitions
can be discarded, as only the goal state is desired.

To guarantee that the goal state that nds is optimal, i.e., has minimal cost, the heuristic functiod=° must
be03<8BB81An admissible heuristic function is one that never overestimates the remaining cost to get to a goal
state. In other words, if 1= is admissible, then for any node, 1=° 6= °© 6= where6'= ° has minimal
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Fig. 2. (a) A P-MAPF problem with three agents (repeated from Figure 1 for convenience). VeBieesl @ indicate the
source and target positions of ageft(b-d) The minimal MDD of each agenie) MDD of 02 with +1 depth.

cost among goal nodes reachable fremmnder certain conditionsA is also optimally e cient (Dechter and
Pearl 1988).

2.2 Path Finding for Individual Agents

Algorithms that solve MAPF often explicitly compute a shortest path for an individual ag#&ritom its source

B to its target(, while also avoiding constraints (often arising from paths of other agents). A common way to
achieve this, is by running a\ search on dime-expandesersion of the problem graph (Silver 2005). A state
in this search is a tupldE« G of vertex and time, and its neighbours af¢D«G 1i jlIEeD2 D=k Ifa
neighbour state violates a constraint, it is discarded. The initial state (callexb# is the agent's source location
and timeMge0i . A goal state is a statlE* GwhereE = (g and no constraints oie prevent the agent from waiting
there inde nitely after time G We refer to this algorithm a3emporal A .

Multi-Valued Decision Diagrams (MDDs) are used by algorithms that need to reason over the set of all
equivalent paths of a given cost(Sharon, Stern, Goldenberg, et al. 2013). An MDD for a given agent, subject to
constraints, is a directed acyclic graph. It has a source node, corresponding to the agent's source location, and
a sink node, corresponding to the agent's target location. Internal nodes of the MDD are the set of all graph
vertices that appear on a path of cokt(called thedepthof the MDD) from source to sink that satis es the
given constraints. An MDD that has a minimal depth while satisfying the agent's constraints is calitidhal
or minimal. In Figure 2, (b-d) shows the minimal (assuming no constraints) MDDs for the three agents in the
problem shown in Figure 2(a). Figure 2(e) shows an MDD for a@enivith a depth of 3 instead of 2. Note how
only one node has to be used fé& at depth 2, even though two possible paths pass through it. To build an
optimal MDD, a single-agent search is invoked to nd paths for the given agent subject to the given constraints.
Once all optimal paths are found, each locatiBmeached at time steon any optimal path is added as an
MDD nodeEat depthG We de ne the Cartesian product of a set of MDDs" = f<je<y*”""¢<5 ;gas the
set of all unique sets of paths (equivalently, solutions) that can be formed by taking one path from each MDD
(t"°=<1 <2 <j )

2.3 MAPF Algorithms

Approaches for solving MAPF can be roughly divided irgptimal or sub-optimahlgorithms, and intacomplete
or incompletalgorithms. Optimal MAPF algorithms guarantee to return a solution with minimal cost, whereas
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Fig. 3. A MAPF problem that is solvable, but for which PP could never find a solution (fap, Novak, et al. 2015). V@ tices
and @ indicate the source and target positions of age&t

sub-optimal algorithms do not. Complete MAPF algorithms guarantee to nd a solution if one exists, and return
no-solutionif one does not exist. Incomplete algorithms might not return a solution even when one exists.
Alternatively, an algorithm may besolution-completeneaning it guarantees to nd a solution if one exists,
but might continue running inde nitely when no solution exists. An algorithm isoundf it only returns valid
(feasible) solutions. Typically in MAPF, only sound algorithms are considered.

Con ict Based Search (CBS) (Sharon, Stern, Felner, and N. R. Sturtevant 2015) is an optimal and solution-
complete MAPF algorithm of particular relevance for this paper. CBS is a two-level search algorithm. In the
low-level search , CBS invokes Tempord to nd an optimal path for each agent that satis es all its constraints
from the high-level search while ignoring other agents' planned paths. Tingh-level search of CBS performs
a best- rst search on a binary search tree, known as tBenstraint Tre¢CT). Each node in the CT contains a
set of paths, one path for each agent. Put together, these paths form a solution, though it may contain con icts.
During the search, CBS maintains a priority queu@REN of unexplored CT nodes, which prioritises nodes with
the lowest solution cost (SOC) for expansion. The root node of the CT is created by invoking the low-level search
without constraints, once for each agent, creating a set of individually optimal paths that may con ict with each
other. The root node is then inserted inOPEN Next, CBS pops a CT node fro@PEN detects con icts in the
current solution and selects one con icOg O E» Gbetween a pair of agent¥)g O° (assume a vertex con ict
for simplicity). To resolve the con icts, CBS expands the node and generates two child nodes. Each child node is
assigned one new constraint, eithertOg E+Gor :  Oge E« G prohibiting one of the two agents involved in the
con ict from using the vertex at the time of the con ict. Each child node then runs a low-level search with the
addition of the new constraint to compute a new path for the constrained agent. These nodes are then inserted
into the priority queue. This process iterates until a node with no con icts is popped froiREN

Prioritised Planning (PP) (Erdmann and Lozano-Pérez 1986; Silver 2005) is a general problem-solving
technique popularly used to tackle MAPF and other similar coordination problems. PP assumes a total order
over the agents, and then proceeds to compute paths for the agents, one by one, in the speci ed order. For each
agent in its turn, PP computes an individually optimal path that avoids the paths of preceding (equivalently,
higher-priority) agents. Note that it does not matter whether the order is given as input or revealed on the
Yy, so long as each agent knows the paths of the agents that preceded it in the order. PP does not provide any
completeness or optimality/sub-optimality guarantees. Among all MAPF problems that have feasible solutions,
only a subset is solvable using PP. Moreover, when PP fails, it is unknown whether a feasible solution exists that
satis es the given priority order, or any other order (Ma, Harabor, et al. 2019). The example in Figure 3 shows a
solvable MAPF problem instance that PP nevertheless can not solve. In this instance, there are two @gents,
andO0y, starting atB andB respectively, and going tG andG respectively. To solve this instance, the agents
must swap their positions relative to each other in the corridor i.€; must be right of0,. Clearly, in any valid
solution, one of the agents will have to move up inEp, while the other will have to wait in place to allow the
rst agent to reachk without colliding at B. PP will never nd such a solution. Instead, the rst agent will
plan to move to its target without stopping, trapping the other agent in a dead-end and causing an unavoidable
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collision. One way to view this de ciency is to say that in some cases, agents must exchange priorities on the y,
as they advance, rather than have static priorities.

When planning for a single agent, PP may discover that there exist multiple equivalent-cost paths to the target.
The decision of which path to choose is handled by tie-breaking during search, often arbitrarily, such that one
path is selected.

2.4 MAPF Variations

One advantage of PP is that its simplicity allows it to easily be extended to support non-standard de nitions of
MAPF. While this work focuses on the classic formulation of MAPF, many variations on the problem have been
suggested. The following is a non-comprehensive list of MAPF variations:

Weighted Graphs. In the classic MAPF formulation, the problem graph is unweighted, and agents move
"instantly" between vertices, in the span of one time step. Some works considered weighted graphs, where
traversing an edge may take multiple time steps (Bartak et al. 2018).

Continuous Time. Instead of using discrete time steps, some formulations use continuous time to allow a
more expressive state description (Andreychuk et al. 2022; Walker 2022).

Kinematics. Unlike classic MAPF, where any traversal of an edge takes the same amount of time, the
kinematics of agent movements, such as acceleration and deceleration, are sometimes considered (Honig
et al. 2016). This is typically combined with continuous time.

Agent Shape. Agents typically occupy a single vertex at a time. Previous works considered agents that
have physical shapes such as circles, spheres, hexagons, etc. in metric space (Li, Surynek, et al. 2019; Walker
2022), or agents that occupy an arbitrary continuous set of vertices (Atzmon, Zax, et al. 2020).

Online and Lifelong. A common extension of MAPF describes a problem that continues over time,
potentially inde nitely. Here, new tasks or new agents are revealed over time, while existing tasks are
eventually completed or existing agents leave the problem (Li, Tinka, et al. 2021; Morag, Felner, et al. 2022;
'vancara et al. 2019). These formulations are often further extended by giving agents pickup-and-delivery
tasks where they must visit one location to pick up a package, and then another location to deliver it (Ma,
Li, etal. 2017). In these problentsroughput in the form of the number of tasks completed over time, is
measured instead of SOC.

Robustness. Various strategies were introduced for prevention of, or recovery from, failures in plan-
ning (Morag, Stern, et al. 2023) and execution (Atzmon, Stern, Felner, N. R. Sturtevant, et al. 2020; Atzmon,
Stern, Felner, Wagner, et al. 2020; Ma, Kumar, et al. 2017; Shahar et al. 2021) of MAPF solutions.

3 Prioritised MAPF

In this work, we aim to characterise the space of MAPF problems that a PP algorithm can solve. As a preliminary,
we formalise what &P algorithnis. We de ned a PP algorithm by a pahP<Fi. P, referred to as theriority

order is a total order over the set of agents, i.e., a relation where for any pair of ag&dadOg, eitherOg  OgoOr

09 O0g F, referred to as thepath-function is a function that accepts as input a pair of vertidgskz 2 + and a

set of constraints (usually, the paths of higher-priority agents), and outputs a shortest path Egdmk: that
avoids the given constraints. A PP algorithiR<F i iterates over the agents according to the priority orddé?

and nds a path for each agent using .

To characterise the space of MAPF problems that a PP algorithm can solve, we also de ne the following
concepts. A MAPF solution is priority-constrainedv.r.t. P if for every agentOg, the cost of the plarc 10 is
smaller than or equal tthe cost of any path foBg that avoids con icts with the paths irc of the higher-priority
agents. This means that the paths assignedt ifor agents whose priority is lower tha®dg did not prevent
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assigninglg with a lower cost path? A MAPF solution is callegbrioritisedif it is priority-constrained w.r.t. at
least one priority order over the agents.

Theorem 1. A MAPF problem is solvable by a PP algorithm i there exists a prioritised solution for this problem.

Proof. (PP! Prioritised) PP plans agents one by one, from highest priority to lowest priority, as speci ed
by someP. Each agenbg takes an individually optimal path but must avoid the previously planned paths of
higher-priority agentsfOgjOg 0gg. Removing the path ddg cannot improve the arrival time of an@g, since the
path of eacHgis a shortest path computed independently@f Thus, the path of eacBig andQgis valid, and the
solution as a whole is prioritised.

(Prioritised! PP) By de nition, there exists an ordering where the paths of any two agen®» 05j8 92 P
are such that the path ddg is independent of any constraints introduced By. Therefore, there exists a path
function F for which this path is returned foi0g when that agent is planned by PP, accordingRo f

A direct corollary of Theorem 1 is that if a MAPF problem does not have a prioritised solution, then PP cannot
solve this problem and vice versa. Next, we consider the challenge of identifying whether a given MAPF problem
has a prioritised solution, i.e., whether it can be solved by a PP algorithm. We call the problem of nding a
prioritised solution for a MAPF problem, the Prioritised MAPF (P-MAPF) problem.

3.1 Properties of P-MAPF

An algorithm is calledP-MAPF-compleif given a P-MAPF problem, it guarantees to nd a prioritised solution if
one exists, or returmo solutiorif no such solution exists.

Theorem 2. The decision problem of whether a prioritised solution exi$higrd on directed graphs.

The proof for Theorem 2 is in appendix A.1.

Speci ¢ sub-classes of MAPF problem instances might be devised, where the equivalent P-MAPF problem
instances are all solvable. A prominent examplanvsll-formedinstances (fap, Novak, et al. 2015; fap, Vok°inek,
et al. 2015), where the sources and targets of all agents are positioned such that each agent has at least one path
that does not visit the source or target location of any other agent. Given such an instance, we can pair any
ordering with a path-function that explicitly prohibits (via additional constraints) each agent from visiting any
of the source and target locations of all other agents. The resulting PP algorithm is guaranteed to produce a
solution, though the added constraints may result in longer paths. An intuitive explanation of this guarantee is
that each agent can, in the worst case, stay at its source location until all higher-priority agents have nished
moving into their target locations, and then move into its own target location. Of course, not all MAPF instances
are well-formed.

Seeing as how some MAPF instances are not solvable with PP, it would be desirable to know, given a MAPF
instance, if it can be solved by PP. If the instance can not be solved using PP, then attempting to do so would
be a fruitless endeavour, and we could instead use some other MAPF algorithm. However, Theorem 2 implies
that given an arbitrary MAPF problem instance, discovering if it is possible to solve it using PP is a problem in
NRhard. Therefore, we likely can not easily make such recommendations for arbitrary MAPF instances.

Beyond the question of whether a problem can be solved by a PP algorithm, one may also ask about the quality,
i.e., the cost of the solution a PP algorithm may return. It is easy to see that the lowest-cost solution that can be
returned by a PP algorithm is a solution to the corresponding P-MAPF problem, that has the smallest cost among
all prioritised solutions. Such a solution is referred to as a P-MAPF-optimal solution.

Theorem 3. The optimisation problem of P-MAPNRhard on undirected graphs.

2Ma, Harabor, et al. (2019) referred to a priority-constrained solution as a solution thatrisistenwith the priority order.
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The proof for Theorem 3 is in appendix A.2.

It is easy to see that for every P-MAPF problem there exists an analogous MAPF problem where the input is
identical, but the returned solution may not be prioritised. Hence, for any P-MAPF-optimal solution, there exists
a corresponding MAPF solution with an equal or smaller cost. Similarly, if a MAPF problem is unsolvable, then
the corresponding P-MAPF problem is also unsolvable. However, the reverse is not true; i.e., for an unsolvable
P-MAPF problem there may exist a valid MAPF solution.

A straightforward approach for optimal P-MAPF is to alternate between enumerating all options for which
agent should be next in the ordering, and enumerating all optimal constrained paths for the current agent in the
ordering. We can do so using a search tree, which would start with an empty root node. The root would then
split on the choice of agent. Since the root is empty, all agents in the problem are valid options for being next
(‘rst) in the ordering, so we create child agent nodes, one for each agent. Each of these nodes would then
split on the choice of path for the newly added agent, creating a child path node for each possible path that
is optimal (shortest) while avoiding the paths of previous agents. We will then split each of these nodes on the
choice of the next agent, which may be any agent that has not yet appeared in the branch. Thus, each node will
have: 1child nodes. This process will continue in each branch of the tree, until all agents have been added and
a path has been chosen for each. The resulting tree would have a deih @fith alternating layers of agent
nodes and path nodes.

A trivial algorithm for P-MAPF would therefore be to search this tree by expanding nodes in a best- rst order
(smallest SOC). We call this algorithBExhaustive Prioritised PlannifgPP). EPP guarantees to eventually nd
a P-MAPF-optimal solution and eventually terminate if no such solution exists. The main disadvantage is a
large branching factor, as the number of ways to ordeagents is !, and even within a single ordering, many
individually-optimal paths can exist for each agent.

Note that Priority-Based Search (PBS) (Ma, Harabor, et al. 2019), a popular prioritised MAPF algorithm, does
not search this tree, and is neither optimal nor complete for P-MAPF. PBS only searches over the space of (partial)
orderings, without systematically exploring the space of path-functions. Additionally, PBS uses a depth- rst
search strategy on its search tree. Even if we were to run PBS with a best- rst search, it would not guarantee
optimality (on PBS's search space), as its use of partial orderings creates negative-cost edges.

In the next section, we introduce a new and computationally e cient optimal algorithm for P-MAPF called
Path and Priority SeardPaPS).

4 The Path and Priority Search Algorithm (PaPS)

Path and Priority SeardPaPS) is a novel search algorithm that solves P-MAPF problems. The primary insight
behind PaPS is to use MDDs in place of paths. This allows PaPS to e ciently reason about sets of all shortest
paths of an agent (subject to constraints), rather than ine ciently enumerate them.

PaPS is a two-level search algorithm. Thigh-levelof PaPS explores a novel search tree that gradually adds
agents while branching over possible agent orderings (similarly to EPP) and over con icts between MDDs of
agents. Thdow-levelof PaPS nds MDDs for individual agents, resolving con icts by avoiding constraints
imposed by the high-level search. PaPS is similar in broad strokes to CBS (Sharon, Stern, Felner, and N. R.
Sturtevant 2015), but di ers from it in several important ways:

(1) PaPS stores a set of paths for each agent (in an MDD) in every search node, while CBS stores only a single
path per agent.

(2) A node in the PaPS high-level search tree may include paths of only a subset of the agents. The root of the
search tree does not include any path, and PaPS gradually adds agents (and their paths) as the search tree
is generated.
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Algorithm 1 PaPS

Input: a problem instancéde:*Be Ch, a heuristic function
1: OPEN priority-queue

2: root anempty PT node

3: OPENinsertroot

4: while OPENnot emptydo

5 n  OPENpop®

6: if ='Mj=: and="M is con ict free then
7: return solution fromn™

8 else if ="M is con ict free then

9 ExpandOnAgents®

10: else

11 ExpandOnConfiét®

12: return no-solution

(3) PaPS has two expand operations. The rstis a binary split similar to that of CBS. The second creates one
child node for each agent not yet added in the expanded node.

(4) To resolve a con ict, PaPS employs a novel type of constraint that favours high-priority agents, and it
never generates nodes where the cost of these agents increases.

Next, we describe PaPS in full detail.

4.1 High-level Search

At the high-level, PaPS conducts a best- rst search over Ehirity Treg(PT); which is a search tree where each
node= has the following elds:

="PA- atotal ordering over a subset of the agents.

="t - The identity of the lowest priority agent according to'P A We refer to this agent as theurrent agent
of =, and denote it byD,.

="M - a mapping of the agents in’P Ato MDDs, where each agent is mapped to a single MDD.
="constraints a set of constraints relevant for node

We say that a search nodein the PT containdisjoint MDDsf no two MDDs in="M contain the same node
(vertex and time) or edge (pair of vertices and time). WheN! is disjoint, each agent mapped to an MDD in
='M can reach its target without any collisions by following any path in its MDD. In other words, the Cartesian
product 1t ="M° is a set of con ict-free sets of paths. # contains disjoint MDDs, then we considerto be
con ict-free. Otherwise, we consides to have a con ict.

Algorithm 1 shows the pseudo code for the high-level search. We use a priority qU@B&N to determine the
order of node expansions. To initialise the search, we generate an empty (all elds s@jor ;) root node
and insert it toOPEN(lines 2, 3). Nodes i®@PENare ordered according t61=° = gn°® , hin°, where6=° is the
sum of depths of all MDDs in'M and 1=° is a heuristic function that estimates the remaining solution cost. We
describe two such heuristics in Section 4.5. Eatenote the most recently popped node=lfs con ict-free and
covers all agents, then it is a goal node, and the search is done (line 6). This means each agent can reach its target
without any collisions by following any path in its MDD. The Cartesian product of all MDDs in the node'M°
is thus a set of feasible solutions to the PaPS problem instance. We can now choose any arbitrary solution from
1 M° and return it (line 7). If= does not meet the criteria of a goal node, PaPS continues the search using the
generatend expandunctions described next.
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Algorithm 2 ExpandOnAgents

Input: parent node?

: updatedConstraints ?’tonstraints

: Add all critical resources o?™ 12° to updatedConstraints
:for 82 fle"""egj8 ?"287?'Prdo

Pr ?Pr(f?2 g

Generat&8«a copy of?™ , a copy ofupdatedConstraintBre

4.1.1 Expand.here are two types oéxpandoperations in PaPS: ExpandOnAgents (Algorithm 1, line 9) and
ExpandOnCon ict (Algorithm 1, line 11). The former occurs when all MDDs in the expanded node are disjoint,
i.e., there is no con ict between them. The latter occurs when a con ict is detected between the current MDDs.
We describe both below.

ExpandOnAgents (Algorithm At this point, we can conclude that we are done with the current agérig, as
it does not con ict with agents that have a higher priority. This brings us to the main di erence between the
way CBS and PaPS resolve con icts. To preserve the priority, in PaPS we do not allow a higher-priority agent to
increase its cost. This is enforced as followitical resourceare single nodes or edges of the MDD, the removal
of which would introduce a cut i.e., make it so there is no path from the source to the sink node of the MDD. In
particular, the agent's target at any time past the depth of the MDD (the MDD's sink) is a critical resource, since
agents stay at their targets inde nitely.

Before we can add any new agents, we add all critical resources of the MDD of the current péht° to
the constraints (line 2). This ensures that a con ict with a critical resource of a high-priority agent will never
occur in the PT. Thus, no lower-priority (upcoming) agents will be able to cut this MDD. We can then move
on to addressing agents that we have not yet planned for. We expabg adding a new agent to the priority
ordering, assigning it the lowest priority among current agents (line 4). To ensure we cover all possible orderings,
we branch and create a separate child node for each agent that is not alreg@iiPir{line 3).

ExpandOnCon ict (Algorithm 3)The MDDs?™ inside a parent nod@ may have an internal con ict. This
con ict is a tuple comprising two agents and a contested resource; e.g., a vertex comjetGe E« 5(line 1).
One agent is always the current agek,; the other agent is always a higher-priority agefiti pa 02. The
con icting resource (vertex or edge) appears in the MDDs of both. There may exist multiple con icts between
the current agent and multiple higher-priority agents, in which case we pick the con ict with the earliest time.
To resolve the con ict we call theexpandOnCon icprocedure (Algorithm 1, line 11). This procedure branches
at the parent node and produces two child nodes. To resolve the current con ict, in each child node we will
rst directly constrain Oy;, and then later indirectly constraif,. Theleft child will have apositive constraint
HOpie E« G which say9,; must occupy verteEat timeG i.e.,” hi "= fEg (line 3). We enforce this by using
the Restricfunction (line 7) to create a sub-graph of the MDD?hi° that only contains paths that satisfy the
constraint. This is done by taking the sub-graph of the MDD that is rootedEtand connecting it to all paths
from the root that lead to E« 5(by searching back fromEe sto the MDD's root). Other paths are deleted from
the MDD. Theright child will have anegative constraint Hni» E« G which says thaOy; must not occupy vertex
EattimeGi.e.,E8" thi®»G/line 4). Here too we usBestrictwhich in this case will remové&from ™ thi°. Then,
as a result, any vertex that is not pointing to, or is not pointed to by, any other vertex is iteratively removed. The
procedure of splitting by creating a positive and a negative constraint on the same agent is knodisjagt
splitting (Li, Harabor, P. J. Stuckey, Felner, et al. 2019) for CBS.

During the restrictoperation, if new critical resources are identi ed in the updatédt0,;°, then we pre-
emptively constrain all lower-priority agents from con icting with these critical resources (line 8, 9). Note that
" 10,° might currently be violating some of these new constraints. This will be handled ingkeaeratdunction.
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Algorithm 3 ExpandOnCon ict

Input: parent node?
1: conf  earliest conictin?™
2: Op; conf’Gh;
3: pos My conf’Econf'G
4:neg : Ohi» conf’Econf’G
5: for r 2 fposneggdo
6. " a copy of?™
7
8
9

M1hi®"Restrictr®
constraints  all new critical resources ofthi® as constraints
. constraints constraint§ ?’constraints
10:  Generat&?"2+ "econstraints? Pr°

Algorithm 4 Generate

Input: index of current agen2, mapping of MDDs' , constraints setonstraintsordering pre x Pr
1: = HPre2e¢"econstraints // initialize a new node

2: if =" 120 = =D;; =" 120 violates any constraint inc'tonstraintghen

3 =" 122 |owLevelOys2>=BCA08=CB

4. if =" 120 = no-solutionthen
5
6

Return
: OPENinsertn°®

Generate (Algorithm 4This function is invoked as a consequence of expanding (splitting) a parent ffode
(Alg. 2 line 5, Alg. 3 line 10). It rstinitialises a new PT node with the given current agent, MDDs, constraints, and
ordering pre x (line 1). Next, if* 12° (the MDD of the current agent) has not been created yet (when arriving from
ExpandOnAgentsor if " 12° violates some constraints (might happen when arriving fraémpandOnCon ic},
then Generatealls the low-level search to built 12° while satisfying the constraints (line 3). Note that in the
latter case'( 12° already existed), the new 12° might have a larger depth (and thus cost) than the MDD it
replaced. If the low-level search nds that no valid MDD exists given the current constraints, this node is pruned
(lines 4-5). Finally, we add the new node@PEN(line 6).

4.2 Low-Level Search

The low-level search for PaPS generates MDDs. This search is required to return the MDD representing all
shortest paths for an agent to reach its target while obeying given constraints. This can be done Aisitag
search the space of vertices and time, while avoiding constraints by not generating nodes that do not satisfy them.
This is a typical way to plan paths in MAPF. However, instead of stopping as soon as a goal node is found, as is
su cient when searching for a single path, we must continue searching until all search nodes Witif =

(optimal cost) are expanded. During this search, we keep track of all parents of #aobde, to maintain all
equivalent length paths to each node. We can then construct the MDD using this information.

For the sake of e ciency, when the agent already has an MDD, but the set of constraints imposed on this
agent has changed since it was built, we may try to amend this MDD rather than build one from scratch. In this
case, we remove from the MDD any path that violates one of the new constraints. If this procedure removes all
paths from source to sink in the MDD, we search for a new MDD as described above. Otherwise, we can use the
amended MDD, as it now obeys all current constraints. The amended MDD would have the same depth (cost) as
the original MDD, while a new MDD will have a higher depth (cost).
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Fig. 4. The PT for the problem in Figure 1, excluding expansions on conflicts.

4.3 PaPS Example

Figures 4 and 5, when put together, show the PT for the problem in Figure 1. We shall rst discuss Figure 4, which
gives a high-level view of how the PT contains all viable orderings of the agents, and how PaPS searches them.
Then we will examine Figure 5, which shows in detail how con icts are resolved.

The PT, illustrated in Figure 4, starts with an empty root node (a). In each node, we write the newly added agent
and the cost (g) of the node. Generated nodes have a solid border, while invalid nodes that were not generated
have a dashed border. Goal nodes are marked with a star. The root node is inserte@fEd| and immediately
popped and expanded. This generates three nodes (b-d), for each possible choice of highest-priority agent. We
insert these intoOPEN pop (c) since it has the lowest co& € 2), and expand it. Both child nodes (g) and (h) are
immediately discarded, as the low-level detects there is no possible path for either agent to reach its target given
the constraints imposed b§,. We then expand node (d), adding eith@&ror 0, as the next agent in the priority
order after0s;. We continue expanding nodes in order of minimal cost (b), (j), (i), (f), and (e). Finally, we end up
with three nodes with a cost of = 13 (I) and (m) are both con ict-free and therefore possible goal nodes. If we
choose to expand one of them, we will then nish the search. Conversely, (k) contains a con ict, so nding a
solution with the orderingd; 02, Oz will require further work. We abstract this procedure away in subtree (0),
and explain how this is done in the following example.

Figure 5 focuses on a subtree of the PT for the problem in Figure 1, where the orderffig isO, 03g. The
gure only shows new or changed MDDs and new constraints in each node, and we limit our focus to vertex
constraints. We also indicate the chosen con ict for nodes with con icts. We start by generating node (b) as a
child node of the root (a), by adding age®{. " 11°, the minimal (and unconstrained) MDD fdx; is added. All
vertices in" 11° are critical resources, as removing any one of them would introduce a cut to the MDD. Thus,
negative constraints on all lower-priority agents are now adde®te=BCA08p&Benting any con icts with
these vertices. Next, we are done with!1°, and there are no con icts since there is only one MDD, so we expand
this node, generating child node (e), where ag8pis added, creating the ordering pre K0;  0,g. Next, we add
" 120 the minimal MDD for0, that obeys the current constraints. We check for con icts with11° and nd that
there are none, so we are done with12°. Therefore, we add constraints for its only critical resourt8ze G5, i.

Next, we generate node (k), creating the orderif@®y 0, 03g. We then build* 13° while obeying the current
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Fig. 5. A part of the PT for the problem in Figure 1, focusing on the ordefiig 02 03g.

constraints, and detect that it has multiple con icts with 12° (not shown). We choose the con idtye Oz B¢ 1i

(other choices are possible). We expand the node (k), generating two child nodes. The left child (0.1) receives the
positive constrainttO,e B1i . This constraint is applied t6 12°, removing any path that does not include vertex

E at time 1. This introduces a new critical resource, so we add the constrat Be1i, and update' 13° to
accommodate it, resulting in a cogi)(of 14. We insert (0.1) int®PEN The right child (0.2) receives the negative
constraint: 0y Be1i." 120 s restricted accordingly, new critical resources are detected, and their corresponding
constraints are added. *3° remains unchanged since the new constraints do not a ect any resource that it uses.
(0.2) is inserted t@PEN and immediately popped, as its cost is 13, making it the current minimum. We expand
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(0.2), generating (0.3) and (0.4), but (0.3) is pruned since the constraints it adds result in a deadlock where it is
impossible for03 to reach its target. Next, (0.4) is popped fra@PEN and since it contains no con icts (the
MDDs are disjoint), it is considered a goal node. We return the pzidia B Be e G G/for 01, »Bse e G GY/4or O3,
and arbitrarily choose between the pathie Be & Be B G/and >Be Be ke G G GYfor 0s.

Note that had the problem contained some other agént(o.4) would not have been a goal node yet. Instead,
we would have next expanded (0.4) by addibg 04, building an MDD" 14°, checking for con icts, etc.
Additionally, note that node (0.1) may still be expanded, and indeed the subtree rooted in it contains a solution.
However, that solution is sub-optimal.

4.4 PaPS Properties
Lemmal. The PTis nite.

Proof. Starting from any node in the PT, putting more constraints on the MDD®& of a higher-priority agent
0s 0y will eventually (down the branch) either result in no MDD fdl, (a dead-end), or no con icts between
" 1@ and" 12°. This is because & will eventually degenerate into a single path (a list rather than a directed
acyclic graph). The number of constraints we might put 8sbefore it becomes a single path is nite, limited
by the initial size of' 1®. This translates to a set of constraints (stemming from all part§ ¢8 being critical
resources) ofl 122, preventing con icts with any component of 8. Crucially, this set includes a constraint on
Gthat starts whenQOg arrives at(g and lasts inde nitely, preventind' 12° from con icting with it. This allows us
to detect wherD; is inde nitely prevented from reachindz becaus@s is blockingG. Thus, this set of constraints
will either force us to nd an MDD" 12° that does not con ict with" &, or make it impossible fof, to reach
its target.

Extending this logic to all higher-priority agents, we see that we can only add a nite number of constraints in
any branch of the tree, and that adding these constraints either leads to a dead-end, or to a disjoint set of MDDs,
at which point we can add another agent to the ordering. The number of agents is also nite, so eventually, as we
traverse down the PT, there will be no more agents to add. Thus, all traversals down the PT will eventually reach
either a dead-end or a goal node, making the PT nite. f

Theorem 4. PaPS is sound and complete for P-MAPF

Proof. A solution ispermittedby a PT node= if its paths obey all constraints im"constraintsA solution is
representely a node if it is included in the Cartesian product of all MDDs in the node.

Notice that if for any arbitrary P-MAPF problem instance, (i) the set of all goal nodes in the PT together permit
all valid solutions to the P-MAPF instance, and (ii), none of them represents an invalid solution, then PaPS is sound
and complete for P-MAPF. The following proof by induction will prove as much by showing that both properties
are maintained whenever we split nodes while building the PT. The basic idea of the proof is that nodes only
represent prioritised solutions, goal nodes only represent valid solutions, and that the tree starts by permitting
all prioritised solutions and never discards any as it branches. The induction is split into two: The rst induction
proves that adding new agent&kpandOnAgents$o a node that has no con icts maintains both properties. The
second induction proves that splitting by adding constraints to resolve a con EtggandOnCon ict maintains
both properties.

Induction 1:

Base CaseWhen the root node is generated, there are no MDDs, and thus the constraints set is empty.
Therefore, all valid solutions are permitted at this point (i). Additionally, since no solution is explicitly
represented yet, all represented solutions are valid (and accordingly, prioritised) (ii).
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Induction Hypothesis. Assume a parent PT nodgthat containsj?™ j disjoint MDDs. Also assume that
all solutions it represents are prioritised solutions for the setj@f" j agents that correspond to the MDDs,
though not necessarily for the entire problem, as it may contain more agents.

Induction Step. When splitting? on agents, in each child node we:

1. Add constraints corresponding to the critical resources of the Mp®I1p"c®.

(i) Some of the solutions permitted By are not permitted by=. However, none of the lost solutions are
prioritised, as they would all involve a lower-priority agent causing a higher-priority agent to
increase its cost.

2. Add a new agent"2to the ordering pre x="P Aas the new current (lowest-priority thus far) agent, and
we create an MDIN'M*n"c® for it.

(ii) The new MDDNn"M1n" is built to have the minimal possible depth while avoiding existing constraints,
all of which are critical resources of the existing MDD of some higher-priority agent. Thus, all repre-
sented solutions are prioritised (though not necessarily valid), as the cost of the new agent's paths can
not be reduced.

In the case that with the addition of the new agent2 the node has come to contain all agents, and
that the MDD of the new agent does not con ict with those of existing agents, then all represented
solutions are valid. That is because they have a path for each agent, are prioritised, and contain no
conicts. In such a case, we have generated a goal hode.
Note that this step will not always lead us back to the hypothesis above. Instead, when the MDD of the new
agent="2con icts with MDDs of existing agents, we will instead arrive at the base case of induction 2.

Induction 2:

Base CaseWhen a new agen®"2is added, properties (i) and (ii) are maintained according to the rst
induction. A special case of adding a new agent, which forms the base case for this induction, is when the
MDD of the new agent has con icts with one of the previous MDDs. Since this is just a special case, both
properties also hold here.

Induction Hypothesis. Assume a parent PT nodethat containsj?™ j 1 disjoint MDDs and also a

j?™ jth MDD, ?™ 12°, which has con icts with some of the higher-priority MDDs.

Induction Step. (i) When the MDD of a higher-priority agent (no?"9 is constrained, no prioritised
solutions are lost. Observe the set of paths covered by the MDD before constraining it any path either
uses the constrained resource, or does not use it. Therefore, the union of the sets of paths represented by
the positively (left child node) and negatively (right child node) constrained versions of the MDD is equal
to the set of paths represented by the original MDD. Thus, any path permitted in a parent node is also
permitted in one of its child nodes.

(i) After the current MDD (* 12°) is updated to obey the new constraints (avoid the new critical resources),
all solutions in the new set of solutions represented by this node are prioritised. This is because the updated
MDD is built to contain all paths that have a minimal depth given the current constraints (just as in the
induction step of induction 1).

Each child node= we generate at this step may now either have con icts betwegksnd higher-priority
agents, or not have any. If a con ict exists, we return to the hypothesis step of this induction. If a con ict
does not exist, we return to the hypothesis step of induction 1, or; dlready contains all agents, thenis

a goal node, and all solutions it represents are prioritised and con ict-free.

Thus, both the addition of new MDDs and the addition of new constraints maintain the property that all
represented solutions are prioritised, and never eliminate any prioritised solutions from the PT. In particular,
goal nodes represent prioritised solutions that are also valid. Any algorithm that systematically explores the PT
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and only returns goal nodes will be sound and complete for P-MAPF. In the worst case, PaPS will eventually
explore the entire PT, which is nite (Lemma 1). Thus, PaPS is sound and complete for P-MAPF. f

Theorem 5. PaPS with an admissible heuristic is P-MAPF-optimal

Proof. First, let us examine the optimality of the search without a heuristic function.

The cost function §'=°) is monotonically non-decreasing: When expanding on a con ict, we constrain the
MDD of one of the higher-priority agents; however, the depth of that MDD may not decrease. If new critical
resources arise as a result, the current MDD may only increase in depth, as it was already minimal given the
parent's constraints. When expanding on agents, we add a new MDD for a new agent that was not covered by
the parent node. This action only increases the cost of the child node. Thus, we see that by always expanding the
node= with the minimal 6:=° from OPENin a best- rst-search manner, the rst goal node we expand will have
minimal cost.

Finally, adding an admissible heuristic to such a cost function maintains the optimality guarantee (Hart et al.
1968). f

4.5 Heuristic Functions

We propose two heuristic functions for the high level of PaPS.
H1 is a simple heuristic that sums the lengths of the shortest path (while ignoring constraints) of each agent
not yet in the node. o

1= costminPatHi°°®
8 "]
This function can be computed in a preprocessing phase, stored in memory, and then quickly retrieved.

Lemma 2. H1 is admissible: H1 sums the minimal depths of the MDDs of agents not represented in the node, so the
real cost accrued when adding each agent may not be smaller.

H2 uses a single-agent search algorithm to nd the shortest path (while considering constraints but ignoring
other agents) for each agent not yet in tfcl)e node.

2= costminPatitieconstraint®®
8"
These single-agent searches may be done e ciently using modern algorithms such as SIPP (Phillips and Likhachev
2011) or JPST (Hu et al. 2022). We used SIPP in our implementation. Another advantage of this heuristic is that it
can detect cases where, given the current constraints in the node, it is already impossible to nd a path for one of
the upcoming agents. In this case, we prune the node. H2 is more informed than H1, but requires more online
computations.

Lemma 3. H2 is admissible: H2 nds the minimal depth that an MDD for an agent may have given current
constraints. Adding more constraints may only increase this cost. Thus, when each agent is eventually added, the cost
of its MDD will not be smaller than the cost found by H2.

4.6 Pruning Equivalent States

Detecting independence between agents is a popular approach for easing the computational di culty of
MAPF (Sharon, Stern, Felner, and N. Sturtevant 2012; Sharon, Stern, Felner, and N. R. Sturtevant 2015; Standley
2010). Existing approaches usually assume independence optimistically, but must continuously re-examine this
assumption as they solve the problem. This is because concluding that two (or more) agents are entirely inde-
pendent in the problem, and will never interfere with each other, is very di cult. Let us call these supposedly
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independent agent®; and0,. Some third agent)s may always induce eithed,, 0y, or both, to change their
paths, causin@; and0; to con ict and become dependent.

Fortunately, in P-MAPF, we can make stronger observations regarding independence. The feature of P-MAPF
that enables this is that lower-priority agents have a very limited capacity to in uence higher-priority agents, as
the latter will never increase their cost. Next, we will show how to use this characteristic to detect and prune
states in the PT which are functionally equivalent.

We use a form oPartial Order Reductidi@odefroid 1996) in PaPS, which only applies to a nedeat has
only disjoint MDDs; i.e., a node that would be expanded using Algorithm 2. If some other rBtas the same
set of MDDs ("M = n®M), then we can conclude they are equivalent meaning the sub-trees rooted at each
node are identical. Thus, one of the nodes can be discarded. Note that two agents may never be assigned the
same MDD (even in di erent PT nodes), since the source location of each agent, and thus the source node of
any MDD assigned to it, is unigue. Importantly, this pruning can be done even when the nodes contain di erent
priority orderings £'PA< =%PA), so long as the MDDs are identical. We can do this, since PaPS never considers
the ordering between the higher-priority MDDs in a node, and would thus generate an identical subtree under
each of these nodes.

This process can also be viewed as merging two total orderings into one partial ordering which adequately
represents both. Note that we can only say these two total orderings are equivaldject tdheir respective
constraints that were applied to resolve con icts, as those created the MDDs which we use to check for equivalency.
FormallynM =nM = 1 = =0

As an example, consider a case where the root node is expanded, and among its child nodes existsa node
where0; has the highest priority, and a nod=, where0, has the highest priority. The MDDs that they were
each assigned just so happen to be disjoint (perhaps because the agents are very distant from each other). In this
case, if we expand; by adding0,, or we expand=; by adding0;, we will have the same MDDs, just ordered
di erently. All agents added later will con ict with or avoid these MDDs with no regard to the internal ordering
between0; and0,, so these are duplicate nodes. In this case, a potentially large subtree (either the chileof
the child of=5) can be pruned.

More involved cases may occur when MDDs con ict. For example, we might arrive at the ordering pre x
01 0y, and see that the MDDs @f; and0, con ict. We will then split the node and add constraints to resolve
their con icts. Then, once the con icts are resolve@s, which happens to be independent of and0,, will be
added without any con icts. Let us call this node In another branch of the tred)s will be given the highest
priority, then 01 will be added next without any con icts, and thef, will be added, con icting withO;. Here too,
we will split to resolve the con icts between the MDDs @ and0,. The con icts will be resolved in the same
manner that led to node, since we assume for the purpose of this example ®wis completely independent of
01 and0,. Thus, we will reach a node®, which contains the same set of MDDs as nedeand we will prune it.

We note that such duplicates do not happen often in dense problems, but can happen in sparse environments.

5 Studying PP with Random Restarts

Recall that in basic PP a single priority orderifiyis used, as well as a single path-functién In many practical
implementations, PP is executed multiple times. A popular implementation xes the path-fundfipand PP is
run multiple times with di erent priority orders P. This is known ad?P with Random Restaf®&P-RR (Bennewitz
et al. 2002). In this section, we characterise the space of MAPF prol@&iRRcan solve. We also characterise
the space of MAPF problems that can be solved with the less-studied complementing algorithm, in which the
priority order is xed and the path function is varied.

Figure 6 illustrates the relationship between these solution spaces. The outside white area is the solution-space
of a given MAPF problem instance. The blue and yellow inner circles will be explained below. The union of these
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Fig. 6. Relations of the solution spaces MAPF, P-MAPF, PC-MAPF, and PFC-MAPF.

circles is the P-MAPF solution space. The intersection of the two inner circles (in green) is the solution returned
by a single PP algorithm de ned by a single pair bP<Fi.

5.1 Path-Function Constrained MAPF

The Path-Function Constrained MAPF (PFC-MAPF) problem (Figure 6, blue circle) is de ned by atupk> CF i
where is agraph; isthe number of agentd8andCare the source and target vectors, mapping each agent to
its initial and nal location in

We call a solutionc path-function constrained.r.t. a path-functionF if all paths match the mapping it ; i.e.,
we could recreate by ordering the agents in some ordé&, and then iterate over the agents according to that
order, deriving a patttg for an agentg using F and adding that path (as constraints) to the inputBffor all
subsequent agents. Formally:

9P8cg2cjcg=FiRB@fcg2cj8 92 Pg°

A solutionc to the PFC-MAPF problem isgrioritisedMAPF solution that ispath-function constraineg.r.t. the
given functionF .

An algorithm is calledpath-function-completié given a PFC-MAPF problem, it guarantees to nd a path-
function-constrained solution if one exists or returmo solutiorif no such solution exists.

Theorem 6. The decision problem of whether a PFC-MAPF solution ekiBtsaisd on directed graphs.

The proof for Theorem 6 is in appendix A.3.
A solution to a PFC-MAPF problem is callghth-function-optimaif it has the smallest cost among all
path-function-constrained solutions.

Theorem 7. The optimisation problem of PFC-MAPRBhard on undirected graphs.
The proof for Theorem 7 is in appendix A.4.
Observation 1. The optimisation problem of PFC-MAPRRhard on directed graphs.

As the solution space of PFC-MAPF is a subset of the solution space of P-MAPF, it naturally follows from
Theorem 1 that the solutions to PFC-MAPF problems are equivalent to the solutions that may be computed by PP
with a given path-functionF to the equivalent MAPF problems.
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5.2 Priority Constrained MAPF

The Priority Constrained MAPE(PC-MAPF) problem (Figure 6, yellow circle) is de ned by a tupke« B+ CPi
where is a graph; is the number of agentd8andCare the source and target vectors, mapping each agent
to its initial and nal location in ; P is a total order (priority) over the set of agents. Note that here, unlike in
PFC-MAPF, the path-function is not given in advance.

A solution ¢ to the PC-MAPF problem is a set of paths, one for each agent, that ispaiedty-constrained
w.r.t. to P (which was given as input). A solution to a PC-MAPF problem is capedrity-optimal w.r.t. P if it
has the smallest cost among all priority-constrained solutions wi.t.An algorithm is calledoriority-complete
w.r.t P if, given a PC-MAPF problem, it guarantees to nd a priority-constrained solution if one exists or return
no solutiorif no such solution exists.

As the solution space of PC-MAPF is a subset of the solution space of P-MAPF, it naturally follows from
Theorem 1 that the solutions to PC-MAPF problems are equivalent to the solutions that may be computed by PP
with a given priority ordering P to the equivalent MAPF problems.

Theorem 8. The decision problem of whether a priority-constrained solution exi#¥hasd on undirected graphs.

In appendix A.5 we prove theorem 8, stating that deciding whether a solution to a PC-MAPF problem instance
exists isNPhard. This puts PC-MAPF and MAPF in the same complexity class. Moreover, PC-MAPF is potentially
harder than MAPF on undirected graphs, as the decision problem for those is polynomial for MAPF (Daniel
Kornhauser 1984).

Observation 2. The decision problem of PC-MAPF in directed graphs and the corresponding optimisation problems
both in directed and undirected graphs/dRhard.

5.3 Finding Constrained MAPF Solutions

To nd optimal solutions to either PC-MAPF or PFC-MAPF, we propose Priority Constrained Search (PCS) and
Path-function constrained Search (PFCS), which are adaptations of PaPS to solve PC-MAPF and PFC-MAPF,
respectively. PCS receives as input a PC-MAPF prolliemaBes CPi and returns a priority-optimal solution for
it. PCS operates identically to PaPS, with one alteration when splitting on agents, PCS only generates a single
child node, where the added agent is the next agent according t&FCS receives as input a PFC-MAPF problem
he:¢B«CFi and returns a path-function-optimal solution for it. PFCS operates identically to PaPS, with one
alteration the low-level search generates a single optimal path uskhginstead of an MDD of all optimal paths.
A single path is a special case of an MDD, so this path can be handled by the rest of the algorithm in the same
manner any arbitrary MDD is handled. The same heuristic functions used in PaPS may also be used in PCS and
PFCS.

Observe that PCS and PFCS search the same search space as PaPS, but restrict it to eliminateisothiégns
are not valid given their problem inputs (priority ordering, or path-function, respectively). Thus, it is clear to see
that given that PaPS is P-MAPF complete and optimal, so too are PCS and PFCS priority complete and optimal,
and path-function complete and optimal, respectively.

In Figure 5, we focused on a subtree of the PT restricted to a single ordering. Therefore, that example is also as
an example of PCS on the same problem, when given the orde?irgfO; 0, 030

Solving PFC-MAPF suboptimally can be done uditig-RRwhich uses a xed path-functiorF but randomises
the priority ordering P of agents every iteration). ClearlfpP-RRcannot be used to solve PC-MAPF suboptimally,
since the priority order is xed. As an alternative, we xed the priority ordering but randomised~ in order to
choose between di erent paths with equal costs. We call this simple and scalable algoRttonitised Planning

30ur preliminary work on this problem was published in the Proceedings of the 17th International Symposium on Combinatorial Search
(2024).
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Table 1. Summary of how the algorithms relate to the choice of ordering and path-function. Note that the le column relates
to the PFC-MAPF problem, the top row relates to the PC-MAPF problem while the entire table relates to P-MAPF

Path-Function

Fixed Sub-Optimal | Optimal
Fixed PP PPR* PCS PC-MAPF
Ordering | Sub-Optimal PP-RR -
Optimal PFCS - PaPS, EPP
PFC-MAPF P-MAPF

with Randomised (PPR). The main advantage d?PR is that givenP, PPR repeatedly samples from the
space of possible priority-constrained solutions, while PP considers only one. Both PPRRdre incomplete,
and neither provides any guarantees on the quality of returned solutions.

6 Experimental Results

Table 1 summarises how the di erent algorithms in this paper relate to the choice of ordefirand path-function

F . "Fixed" mean® and/orF are given as input. "Sub-Optimal" refers to algorithms that search for a geamt

F and return the best solution they discover within the allotted planning time, providing no guarantees on its
quality. "Optimal" relates to algorithms that systematically nd the be3tand/or F . The combination of xedP

and xed F is a single execution of the basic PP algorithm. We also marked which algorithm maps to which of
the problems we de ned in this paper, using the same colouring as in Figure 6. We address the empty brackets of
this table in the discussion (section 7).

We implemented our optimal algorithms: PaPS, PCS, and PFCS with H1 and H2, as well as our suboptimal
algorithms:PPR, PP-RRand PP. Our code and data are available online at: www.github.com/J-morag/MAPF
/releases/tag/25.JAIR.PP. The rst iteration PR and PP-RRvas made to run identically to PP. We also
created an algorithm that randomises both the ordering (IRB-RRand the path-function (like?PR), but found
that its performance in practice was very similar to that BP-RRWe experimented using a grid-based MAPF
benchmark from Stern et al. (2019). For each map, we used 25 di erent scenarios, each with 8 MAPF problem
instances. In each instance, we varied the number of agents from 5 to 40, increasing by 5. We converted the MAPF
instances into P-MAPF instances for PaPS, into PFC-MAPF instances for PFE8-&igand into PC-MAPF
instances for PCS andPR. For PC-MAPF instances, we used the order that agents appear in the benchmark as
the instance's priority ordering. For PFC-MAPF instances, we implemented path-functions as follows: We assign
A nodes with identi er numbers, and when deciding which of a set of equal nodes (safieto expand next,
we choose the one with the minimal identi er. We derive these numbers from a deterministic pseudo-random
number generator. This number generator is reset every titnds used, and resetting it with a di erent seed
produces a di erent path-function. We present results on a diverse set of maps from the benchmark. We ran our
experiments on Linux virtual environments, on a cluster of AMD EPYC 7763 CPUs, with 16GB RAM each. We
used Open Java Runtime 18 (JRE 18) to run our code.

6.1 Coverage and Runtime

Figure 7 (additional results in appendix B) shows the runtime of each algorittvaxs) as a factor of the number

of successesXaxis), where for each algorithm (separately) we ordered the instances in increasing order of their
runtime. Thus, when examining a speci ¢ point on an algorithm's line, we can say "the algorithm would solve
this many instances if its runtime were limited to this many seconds". We count a success if either the algorithm
found a solution, or it proved that the problem is unsolvable. Naturally, proving an instance is unsolvable only
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Fig. 7. Max runtime per instance, as a factor of coverage.

applies to the complete algorithms, and each of those considers a di erent problem as unsolvable P-MAPF
problems for PaPS, PC-MAPF problems for PCS, and PFC-MAPF problems for PHEFER lmd PP-RRthe
runtime until the rst solution was found is used on the-axis. This is because they always use all the allowed
runtime to attempt to improve the solution.

Comparing PaPS with the two proposed heuristics, PaPS-H2 often solves more problems in less time (The
H2 curve is below the H1 curve). For example, in magrehouse-10-20-10-2-BaPS-H2 achieves 121 successes,
whereas PaPS-H1 only succeeded on 72 problems. For PCS and PFCS we always used H2. In most maps, the
di erence was smaller, but it was never better to use H1. Therefore, we only use H2 below.

We next compare the di erent suboptimal algorithms. As could be expected FFPRRandPPR take the
same amount of runtime to nd the rst solution. Consequently, their lines mostly overlap in the plots (at the
bottom). However, in cases where PP fails to nd a soluti®@PR andPP-RRontinue to run and often eventually

nd a solution. For example, ilmmaze-32-32-4°P solved 126 instancd®?R solved 191 instances, aiP-RR
solved 200 instances.

Clearly, algorithms with stronger guarantees had fewer successes and required more time. PaPS had the least
successes, followed by PFCS and PCS, with the suboptimal algorithms achieving signi cantly more successes. In
maps where many of the instances were unsolvable (with the given ordering), PCS was able to succeed much
more often. For example, this happenednraze-128-128;hich is a maze map comprised of many corridors
that are one vertex wide. The reason is that in 66% of this map's instances, PCS was able to exhaust the search
space and prove that those instances were unsolvable.

Table 2 shows how many of the PC-MAPF instances were proved unsolvable by PCS. Note that it is possible
that more instances are unsolvable, but PCS was unable to prove so within the runtime limit. In all other maps,
PCS did not prove any instances were unsolvable. Therefore, PCS had partial success in proving unsolvability. By
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Table 2. Number of PC-MAPF instances proven by PCS to be unsolvable with the default priority ordering.

empty-8-§ maze-128-128:inaze-128-128 maze-32-32-2naze-32-32-400m-32-32-4r00m-64-64-8
3 (2%) 132 (66%) 3 (2%) 18 (9%) 22 (11%) 15 (8%) \ 23 (12%)

contrast, PFCS and PaPS are also theoretically capable of proving instances are unsolvable under their respective
problem de nitions, but neither was able to do so within the runtime limit in our experiments. Thus, they had no
success in proving unsolvability. In the worst case, PFCS and PaPS need to go!quésrity orderings in order

to prove unsolvability, and the time limit did not allow that.

6.2 Solution Costs

We compare the solution costs of PaPS, PCS, PFCEH#P and PP-RRin Figure 8 (additional results in
appendix B). For heuristics, we use H2, as the previous experiment suggests it is never detrimental to use it. The
Gaxis is thebest known lower-bourah the cost of eacMAPF problem, extracted from an online tracker (Shen

et al. 2023). This is usually the optimal MAPF cost. The MAPF bound is also a lower bound on the cost of all
our other problems. Among di erent problems on the same map, a larger bound generally implies more agents,
longer paths, and more interference between agents, and thus implies a more di cult problem~Tdeds shows

the ratio between the SOC of a solution and the best-known bound on the cost (as given by the tracker). If an
algorithm failed to solve an instance, it simply has no marker that corresponds to that instance.

To make the gures easier to read, we merge every 10 solutions of each algorithm, by showing a single marker
corresponding to their average SOC and average best bound. In comparing PP and PaPS, it is clear to see that PP
often nds solutions with a signi cantly higher cost. The trend was a clear increase in the ratio of the costs of
their solutions as the number of agents increased. For examplerripty-8-8 on instances solved by both PaPS
and PP, the average ratio of their costs was 1.04 with 5 or 10 agents, 1.07 with 15 agents, and 1.13 with 20 agents.
PaPS usually found solutions with costs equal to, or very close to, those of optimal solutions to the equivalent
MAPF problems. Of course, these solutions are all optimal P-MAPF solutions. This demonstrates that PP has
the potential to nd optimal MAPF solutions, even though in its basic form of a single run, it often does not.
Nevertheless, our experiment is limited by the limited scaling of PaPS. We shall revisit this point in section 6.3.

Both PPR and PP-RRprovided a balance of solution quality and scalabiliBPR was able to nd solutions
with lower SOC than those found by PP, though often not as low as those found by PCS. SinfBRrgRvas able
to nd solutions with signi cantly lower SOC than those found by PP, though often not as low as those found by
PFCSPP-RRconsistently found better solutions thaRPR, but the di erences were limited. For example, in
room-64-64-8PPR solutions had on average 2.3% higher SOC. These results imply that the choice of ordering is
more important than the choice of path-function for nding high-quality (low cost) solutions. However, it seems
the gap between PPRind PP-RR, given the same amount of runtime, is usually not large.

6.3 P-MAPF-Optimal Approximation for Numerous Agents

Our results showed that PP often produces poor quality solutions, or fails to nd them altogether. We saw that
choosing better individual paths, either through sampling wiBPR, or through optimal search using PCS,
can greatly improve the quality of solutions, even without varying the prioritisation. We further saw that the
commonly usedPP-RRcan nd even higher quality solutions given the same amount of runtime, and that optimal
PFC-MAPF solutions found by PFCS were close in cost to optimal MAPF solutions. This raises the question how
much could we improve®PP-RRby always using the optimal path-function for each ordering? Answering this
question is di cult in practice because it is di cult to nd the exact optimal path-function. When the number of
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Fig. 8. The cost of solutions, relative to the best known lower bound on the cost of optimal solutions to the equivalent MAPF
problems.

agents is low, most algorithms perform well enough, and the di erences in solution quality are small. The more
interesting results will be those of higher numbers of agents. However, our relevant optimal solvers, PCS and
PaPS, only scale to about 10 to 40 agents. To bridge this gap, we propose an approximation of optimal path choice.
We run PP-RRwith a budget of 150 orderings and no time limit, and we attempt to solve each ordering 50 times,
using di erent random path-functions. We shall call this algorithPP-RR-50Me compare the solutions found in
this manner with those found byP-RRalways using the same path-function, attempting each ordering just
once). We only include instances where both solvers had found a solution starting from the rst iteration, and
we only use instances that were solved starting from the rst ordering. We use the highest number of agents
available in the benchmark and solved successfully, up to 100 agents.

We plot the results of this experiment on the left column of Figure 9, where the horizontal axis is the number
of attempted orderings, and the vertical axis is the mean ratio between the SOC of a solution and the best-known
bound on the cost. The shading around each line is the standard error of the mean. We only include instances
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Fig. 9. Suboptimality of solutions and Success RatdBFRRwith 1 or 50 path-functions, as a factor of the number of
orderings a empted.

solved by both algorithms since the rst ordering. The results show that the cost graph approaches a plateau as
we try more and more orderings, as each additional ordering attempted is less likely to nd a solution better than
the current best. This is reasonable if we assume attempting a random ordering samples uniformly from the set
of all PFC-MAPF solutions to the problem, then the more we sample, the less likely we are to nd a solution that
is better than all previous samplings. Of course, this process can potentially be shortened by employing heuristic
methods of guessing which orderings would produce good solutions. However, this is not our focus. Instead, we
see here that this process can also be shortened through nding better path-functions for the same orderings.
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Fig. 10. Suboptimality of solutions and Success Rate of PP-RR with 1 or 50 path-functions, as a factor of the number of PP
runs (pairs of ordering and path-function).

Indeed, we see th&®P-RR-5@onsistently found better solutions. This held true not only for the rst orderings
attempted, where improvements are easy, but even after more than 100 orderings.

The right column of Figure 9 shows the success rate (the number of solved instances divided by the total
number of instances) as a factor of the number of orderings attempted. The shaded area is the standard error.
Here we see similar trends to those we saw with solution costs, though more subtle. By using 50 path-functions
per ordering, we were able to nd solutions earlier in terms of the number of orderings attempted.
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These results should not be interpreted to mean that trying 50 path-functions (UBIRgRR-50is a better use
of runtime than trying new orderings. In fact, it was more often, though not always, more bene cial to attempt a
new random ordering rather than re-try the same ordering with a new random path-function. Figure 10 shows an
e ort-based comparison of the bene ts of trying random orderings versus random path-functions. It is organised
in the same manner as Figure 9, except that thaxis is now the number of PP runs (pairs of ordering and
path-function) attempted. We gave each solver a budget of 300 runs, which translates into di erent numbers of
orderings and path-functions, depending on the solMeR-RR-5@ an extreme example of preferring to explore
path-functions over orderings, so we add two solvers that represent more reasonable middle grolrfIfRR-2
andPP-RR-3which try 2 or 3 path-functions respectively, for each ordering. For both solution cost and coverage,
PP-RR-5@erformed worse in most cases, though in some examples rbken-64-64-8vith more than 116 runs,
it had the best cost. The other three solvers performed similarly to each other in terms of solution cost, with no
clear winner. In terms of coverage, trying fewer path-functions (and more orderings instead) was sometimes
advantageous, though di erences were quite small. For examplenage-32-32-with 110 runs PP-RR-3ad 16%
coveragePP-RR-had 20% coverage, aRiP-RFhad 24% coverage. One notable counter-exampigaize-32-32-4
where PP-RR-had better coverage thaRP-RRandPP-RR-31ad the best coverage, indicating there are some
conditions under which nding a good path-function can be more important for coverage than the choice of
ordering. None of the instances on this map was solved by any algorithm on the rst run, so we only display the
solution cost results of instance number 1.

These results motivate the need to nd a good path-function given an ordering, or nd both in conjunction.
This is a wide topic that is left for future work. Possible approaches include heuristic methods and machine
learning.

7 Discussion and Future Work

Prioritised PlanningPP) is a widely popular method to simplify and tacki#ulti-Agent Path FindingMAPF). In

this work, we studied PP. To this end, we de ned the concept &R algorithmas a paitP<Fi. P, referred to

as thepriority order is a total order over the set of agents,, referred to as theath-functionis a function that
accepts as input a pair of verticése £ 2 + and a set of constraints, and outputs a shortest path friasto & that
avoids the given constraints. The path-function is a concept new to this work. We described a hierarchy of the
problems solved by PP. This hierarchy starts with Prioritised MAPF (P-MAPF), which includes all solutions to
a MAPF problem that could be found by PP. It is then further divided into two problems. The rst problem is
Path-Function Constrained MAPF (PFC-MAPF), which includes all P-MAPF solutions that choose individually
optimal paths using a given path-function. PFC-MAPF is the problem that most textbook implementations of
PP solve, as most prior works only dealt with modifyirg). The second problem is Priority Constrained MAPF
(PC-MAPF), which includes all P-MAPF solutions that are constrained to a speci c priority ordering. Solutions to
PC-MAPF are required by important industrial applications.

We gave a rst analysis characterising the complexity of the problems we formalised. Table 3 summarises these
results. We showed that P-MAPF, PC-MAPF, and PFC-MAPF are all generdlgtard. This result is somewhat
unintuitive, as PP algorithms are usually used to make the di cult MAPF problem easier to solve, sacri cing
completeness and solution quality for low runtime. One may assume that this speed-up is achieved precisely
because PP algorithms limit the space of solutions they can nd to the space of solutions to P-MAPF problems,
potentially missing some MAPF solutions. Yet, this is evidently not the case, as we have shown P-MAPF is at
least as hard as MAPF. At this time, the complexity of the problems of nding feasible P-MAPF and PFC-MAPF
solutions on undirected graphs remains an open question. However, we proved that the more general problem of
nding feasible (P-MAPF or PFC-MAPF) solutions on directed graphs iNRmard. We found that surprisingly,
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Table 3. Summary of complexity results for the problems associated with PP. Each problem formulation is divided into the
problems of finding feasible or optimal solutions on directed or undirected graphs. Known MAPF results are included for
reference.

P-MAPF MAPF
Directed Undirected Directed Undirected
. NPhard NPhard Poynomial
Feasible ? .
(Theorem 2) (Nebel 2020) (Daniel Kornhauser 1984)
Optimal NPFhard NPhard NPRhard NPhard
(Theorem 3/2)| (Theorem 3)| (Yu and LaValle 2013) (Yu and LaValle 2013)
PC-MAPF PFC-MAPF
Directed Undirected Directed Undirected
Feasible NPFhard NPhard NPRhard o
(Theorem 8) | (Theorem 8) (Theorem 6)
Optimal NPhard NPRhard NPRhard NPRhard
(Theorem 8) | (Theorem 8) (Theorem 7/6) (Theorem 7)

PC-MAPF is potentially a harder problem than MAPF, as nding feasible solutions on undirected graphs is in
NRhard for PC-MAPF, whereas it can be done in polynomial time for MAPF.

These three problems can be solved using a broad family of PP algorithms. Unfortunately, PP algorithms su er
two notable drawbacks: 1. The quality of the solutions they return is unbounded sub-optimal, and it is not clear if
solutions can be further improved. 2. PP can produce deadlock failures, leaving practitioners without explanation
or recourse.

We developed algorithms to solve these problems:

PaPS, which is complete and optimal for P-MAPF.
PFCS, which is complete and optimal for PFC-MAPF.
PCS, which is complete and optimal for PC-MAPF.
PPR, which solves PC-MAPF sub-optimally, but quickly.

We evaluated our algorithms against existing baselines on a range of common MAPF problems, and showed that
PaPS, PCS, and PFCS can succeed where PP fails. We gave tighter bounds for the quality of P-MAPF, PC-MAPF,
and PFC-MAPF solutions, and optimally solved many associated problem instances for the rst time. Together,
these results give guidance to practitioners using PP in real applications. When PP fails, PaPS can help explain
the reasons for that failure, and when PP succeeds, PaPS can be used to improve solution quality.

In this work, we focused on optimal algorithms, creating PaPS, PFCS, and PCS. We also investigated some
options for suboptimal algorithms, creatingPR, and comparing it withPP-RRMost existing related algorithms,
and indeed many MAPF algorithms, fall into the category of x&dwith sub-optimalP. This leaves open the
question of how algorithms that are sub-optimal in regard to bdthand P would behave. Such an algorithm
would map to the empty middle bracket in Table 1. We created a naive implementation of such an algorithm
by taking PP-RRand randomising theé= every time one is needed to generate a path, aBRR. In practice,
this algorithm behaved similarly té°P-RRso we did not include it in our results. In another experiment, we
approximated how this algorithm would have behaved if, instead of choostngandomly, it had choselfr to
complement the currenP . We made this approximation using a computationally expensive, brute-force approach.
Our experiment showed that this can signi cantly improve the performanceRi®-RRn both success rate and
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solution quality, for the same number of attemptéts. We believe nding a computationally e cient function to
approximate a near-optimaf choice could be a promising avenue for future work. Naturally, other approaches
besidePP-RRcould also be applied to create algorithms in this bracket of sub-optifmatith sub-optimalP.
The remaining brackets in Table 1, corresponding to the combinations of sub-opfimaith optimal P or of
optimal F with sub-optimalP, are hard to de ne, and their usefulness is questionable.

Other directions for future work could be to consider applying speed-up techniques from the CBS family
of algorithms to PaPS, PCS, and PFCS. Additionally, we believe that relaxing the termination criteria of these
algorithms can lead to new types of PP algorithms with di erent tradeo s and guarantees. Another interesting
use for PaPS would be to use it to generate training data for machine learning algorithms that generate priority
orderings (Zhang et al. 2022), as those rely on learning from many examples of priority orderings that produce
high-quality solutions.
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A Complexity Proofs

In this section, we provide complexity proofs that were too long to include in the main body of the paper. We
adapt ideas from the proofs made by Yu and LaValle (2013) and use the same terminology. AccoGlinglsed

to refer to variable agents rather than time steps, whileefers to the cost (SOC) of a solution. The following
proofs are based on a reduction from 3SAT. 3SAT idN&tomplete problem that receives a formulaand
outputs whether or not the formula is satis able. The formulais a conjunctive normal form (CNF) consisting of
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=variablesG and< clause®g such that each clause has exactly three literals. Each literal in the clauses can be a
negated or unnegated form of a variable.

A.1 Proof of Theorem 2

Fig. 11. Reduction from 3SAT to P-MAPF for the instahd@* G* G Gorf1 G_: G_G°": G_G_: G@°M: G_G_GOqgi.
The red vertices are the source vertices and the blue vertices are the targets.

Theorem 2. The decision problem of whether a prioritised solution exi$Ehiard on directed graphs.

Proof. We prove Theorem 2 by a reduction from the 3SAT problem. We create a corresponding P-MAPF
problem with2=, < agents on a directed graph. The set of agents is:

=fGe” " e B2 020 5o " " 0 Jf

The G agents are calledariable agentgshe2g agents are calledlause agentsind the&'s are calledller agents
We construct the graph similarly to Yu and LaValle (2013). The most signi cant di erence is that we ueated
graph. First, we construct a simple gadget for each varidilealled anouse gadgefForG, we create a vertekg,
that represents its source vertex. We connect two vertices to the source vertex through directed edges, and then
join these vertices with more directed edges to the target vet%x The agent can traverse through either the
top or the bottom paths (vertices) to reach its target. Let these two paths b&thaipper and lower paths. This
section of the gadget is the body of the mouse.

Next, for each clause, we add a clause agwwhose source is vertek,. This vertex is connected through
directed edges to three paths that represent the literals in the claus®.df a literal is unnegated (resp., negated),
then B, is connected to th&th upper (resp., lower) path in the gadget that belongsgg. The target vertices for
the clause agents are created as follows: A path of lergtis added by connecting a directed edge from vertex
E& to the start of the new path. The path itself is comprised only of directed edges. The rst vertex in the path is
the target vertex of ageni (Ei ) followed by the target vertex of ager ; (E‘i ,) and so on, until the end of
the path where the target vertex of age@t (Ezol) is located.

We add each ller agentg as follows. We create an additional edge (the tail of the mouse) fEgmwhich is
the source vertex ofg, to B,. The target vertex ofg is I% We add these target vertices by extending the path of
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clause target vertices, connectiti§, to E2 with a directed edge, theg to E2 _ and so on, until the end of the
path where the target vertex of ageri (Eg) is located.

Figure 11 shows the complete graph for the P-MAPF problem constructed from 3SAT ingtd@Ge&;e G Ggor
flg G _G" G_G_:G° " G_G&G_ Gji. Ared vertex represents the source vertex of an agent,
and a blue vertex is the target vertex.

The construction we de ned limits the set of priority orderings over the agents for which a solution exists.

The construction of the ller ) and claused) targets forces the following in order for ller and clause
agents not to block each other while sitting at their targets. The ller agents must be ordered according to
their index. The clause agents must similarly be ordered according to their index. Additionally, all ller
agents must precede all clause agents. Thus, % """ & 23 2 2.

The positioning of the variable® agents' targets forces each variable ag&ato have lower priority than

its corresponding ller agents. Otherwise, the variable agent would enter its target too early and block
the ller agent from advancing towards its target. Thu8gs G.

Each clause age@ must have higher priority than at least one variable agégtthat appears in clausgy.

The speci c prioritisation is part of the solution to the problem.

If the 3SAT instance is satis able, each varial®@ereceives an assignment of truth val@,. If Gsis true (resp.,
false), then let agen® take the lower (resp., upper) path of the body of the mouse gadget. The path that was not
chosen is free to transit for the clause and ller agents corresponding to@eariable. The ller agents will
move through in order of their priority. The path-function will choose for the ller agents to take the upper or
lower path according to thé&g assignment (opposite to the path taken by the corresponding variable agent). The
clause agents will similarly move in order of their own prioritisation, following the ller agents as soon as they
clear a path. Since the assignment satis es the 3SAT instance, we are guaranteed that each clause agent has at
least one path free to transit. The variable agents will move a single step into their paths and wait there, as they
are forced to avoid the paths of higher-priority agents. Finally, each variable agent will move into its own target
as soon as the relevant ller and clause agents have moved past it. This solution respects a priority that obeys the
restrictions listed above. Speci cally, theorderitg % """ 5 29 2 2 G G G
will always be correct.

If P-MAPF has a solution, then each clause agent was assigned a path to its target. For each clause agent, there
are up to three options for this path, each passing through some gadget corresponding to a variable that appears
in the clause. Each variable age@thas two possible paths, and is forced to take the path opposite to that taken
by its relevant clause and ller agents. If no clause agent passes through the variable agent's gadget, then this
choice is determined solely by the ller agent and does not a ect whether the assignment satis es the 3SAT
instance. Each ller agent similarly has two possible paths. By choosing a path, it forces the variable agent to
advance rather than wait at its source vertex. If ag€puses the lower (resp. upper) path, I&t= CADdesp.
false). Since clause agents can pass through the upper path if they contain a va@adléhrough the lower
path if they contain its negation G, and each clause agent passed through exactly one such path, then for each
clause, at least one variable resolvednage. Thus, the resulting assignment satis es the 3SAT instance. f

A.2 Proof of Theorem 3
Theorem 3. The optimisation problem of P-MAPRRhard on undirected graphs.

Proof. We prove Theorem 3 by closely following a reduction from the 3SAT problem proposed by Yu and
LaValle (2013), and showing it can similarly be used for P-MAPF. To start the reduction, we create a P-MAPF
problem corresponding to the 3SAT instance with < agents on an undirected graph. The set of agents is:

=fGe" " e (320" " " e 2g
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Fig. 12. Reduction from 3SAT to optimal MAPF, for the instamd@ GG Gof!G_ 1 G_G° "t G_G_: G°"
1. G _&_G°gi(Yuand LaVvalle 2013). The red vertices are the source vertices and the blue vertices are the targets. We
apply this reduction to P-MAPF and PFC-MAPF.

The Gg agents are calledlariable agentghe2g agents are calledlause agentsor each variabl€, we create a
vertex kg, that represents its source vertex. We connect two paths of length 2 to the source vertex, and join
their ends such that the target is at the end vert%. The agent can traverse along either of the two paths to
reach its target i< , 2 steps. Let these two paths be tB¢h upper and lower paths.

Next, for each clause, we add a clause ag&mwhose source is verte,. This vertex is connected to three
paths that represent the literals in the clause2 If a literal is unnegated (resp., negated), tH&pis connected
to the 8th upper (resp., lower) path at a vertex of distan8&rom Eg,. The target vertices for the clause agents are
created as follows: A path of length is added, where one end of the path is connected to the source végex
The connected vertex is the target vertex of ag@at(E. ) followed by the target vertex of agert 1 (B, )
and so on, until the end of the path where the target vertex of agép@l) is located.

Figure 12 shows the complete graph for the P-MAPF problem constructed from 3SAT indtf@Ge&. G Gor
il 1 G_G°": G_G_:G°": G_ &_ G°gi. Ared vertex represents the source vertex of an agent,
and a blue vertex is the target vertex.

To prove the di culty of solving P-MAPF optimally, we must ask the question "does a solution with cost
exist for a given P-MAPF problem instance?". Weset 1=, <% = 2° meaning all agents reach their targets
without performing any wait actions.

If the 3SAT instance is satis able, each varialiireceives an assignment of truth val@®. There exists a
path-functionF as follows. IfGg is true (resp., false), then let age@ftake the lower (resp., upper) path to its
target. The path that was not chosen is left unused, or transited in the opposite direction by one or more of the
clause agents corresponding to tlgvariable. This means that all variable agents and clause agents can start
moving at time step zero and arrive at their targets at time step 2. Thus, any ordering® will produce a
solution givenF , as no agent takes a path that interferes with the preferred path of another agent. Thus, if the
3SAT instance is satis able, the P-MAPF instance has a solution with the optimalisosk %< | 2°.

If the P-MAPF instance has a solution with cdst, <°i< = 2°, then each agent has a path that arrives at its
target without waiting. This means each variable agggtmust move exclusively through either its lower or
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upper path, preventing any clause agettfrom taking the same path in the opposite direction, but leaving the
other path free for2g to traverse. If agenG uses the lower (resp. upper) path, &= CAD#esp. false). Thus, the
resulting assignment satis es the 3SAT instance. f

A.3 Proof of Theorem 6

Fig. 13. Reduction from 3SAT to PFC-MAPF for the instahnf@s G* G Gorf1 G_: G_G°: G_G_: G°: G_G_GOgi.
The red vertices are the source vertices and the blue vertices are the targets.

Theorem 6. The decision problem of whether a PFC-MAPF solution eklBisaed on directed graphs.

Proof. We prove Theorem 6 by reduction from the 3SAT. To start the reduction, we create a PFC-MAPF
problem corresponding to the 3SAT instance widk agents on a directed graph. The set of agents is:

=f@.dG22g[f: Gd: G229 [f2""" 29

The2gagents are calledlause agent¥heG.sagents are callednnegated literal agentEhe8index corresponds
to the identity of the variable in the 3SAT instance, and tBadex corresponds to the clause where a literal of
the G variable appears. TheG.gagents are calledegated literal agentand are the same as the literal agents,
except that they correspond to negated literals that appear in clauses. For variables that only appear in their
unnegated (resp. negated) form, we only need to create the corresponding unnegated (resp. negated) literal agent.

For each clause, we add a clause aggnwhose source is vertel,. For each unnegated literal ageGi.o(resp.
negated literal agent G.g, we create a verteks, , (resp.E g, that represents its source vertex. We connect
eachk, to each of thelg, , (resp.E .9 vertices corresponding to unnegated (resp. negated) literals in clause
2q. For each variabl&, we create two sequences of vertices called@eequence and theG sequence. The
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number of vertices in each sequence corresponds to the number of unnegated (fGs eguence) or negated
(for the : Gy sequence) literals that exist for variab®. Each vertex in sequendg (resp.: G) is the target vertex

F&.g (resp.E)CB.g of an unnegated literal ager@i.q(resp. negated literal agentG.g. These target vertices are
sequenced such that the rst corresponds to the literal that belongs to the clause with the maximal i§ded

each subsequent target vertex corresponds to a literal that belongs to a clause with a smalle@nidexedges in

the sequence are directed edges. We connect, using a directed edge, each unnegated (resp. negated) literal source
vertex k., (resp.E g to the rst vertex in both sequencég and: G. For example, if there are 4 literals for
variableG, Gz, Gss, 84, and: Ggg, then we will create two sequences of vertices. The sequence of target vertices
of unnegated literals will bﬁiu ! E&Q ! E&i. The sequence of target vertices of negated literals will consist
only of E_OGH. Lastly, we connect the end of each sequefigéesp.: &), again via a directed edge, to a target
vertexE‘z)g for each clause age; whose clause contains a literal whose target vertex is & (resp.Gg). Note

that sequences can be empty, in the event that some vari@ptly has unnegated literals or only has negated
literals. In this case, we will connect the vert&,., (resp.E g.o of the existing literalGs.o(resp.: G.J directly to

the clause target verte@9 that would have otherwise been connected to the end of sequer@dresp.G&).

Next, we de ne the path-functiorF : The construction guarantees that each literal agent will only ever have
one shortest path that avoids constraints, so we do not need to de ne it further for literal agents. Clause agents
prefer to traverse a sequen€gif the complementing G sequence has constraints associated with it, and vice
versa; i.e., if literal agent.dhas already planned when clause ag@gplans, then the G sequence is considered
a preferred sequence. Naturally, if a clause aggntan reach a sequence that has constraints, then that sequence
will not appear as part of a shortest path f@. If 29 can move through multiple sequences of the same length
whose complementing sequences have constraints, then the sequence with the minimal 8hdexohg them is
preferred. 129 is not connected to any sequence whose complementing sequence has constraints, then it prefers
to take anGg (unnegated) sequence.2§ can go through multiple such sequences, it will choose the one with the
minimal index @. The preference towards paths with low8is made for completeness, and does not a ect the
construction.

Figure 13 shows the complete graph for the PFC-MAPF problem constructed from 3SAT insiféhc&e Ge Ggr
G G _G° " G_G_:G°*": G_ G_ G°gi. Ared vertex represents the source vertex of an agent,
and a blue vertex is the target vertex.

If the 3SAT instance is satis able, each varialiiereceives an assignment of truth vali®. There exists a
total order P over the agents as follows: All unnegated literal agents associated with a variable receiving a
true assignment have the highest priority. All negated literal agents associated with a variable receiVaigea
assignment similarly have the highest priority. The prioritisation between these two groups is unimportant, but
we shall give priority to the unnegated literal agents for convenience. Within each group, higher prioritisation is
given to a literal agent with a smalle®(clause) index. Next in the priority order are all clause agents, and then
all remaining literal agents. Within these remaining literal agents, higher prioritisation is given to a literal agent
with a smaller9(clause) index. This describes a partial ordering, but any totalization of this partial ordering will
serve our purpose. Formally:

P=ffGs """ GejG=trueg f: Ga """ : GjG=falsg f2"""2g
fGe "7 Ci;.<ng=faIs€g f: Gg """ Q,<j68:truegg

The basic idea of this proof is that literal agents can only wait at their source vertices, and that once any
unnegated (resp. negated) literal age€ty(resp.: G.g starts moving, it permanently blocks sequenGgresp.
: ). This means any clause agent connecte@a(resp.: G.9§ can only reach its own target through sequence
: G (resp.&), or through a literal related to a di erent variable (if the clause contains such literals).
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All unnegated (resp. negated) literal agents associated with a variable receiving &esp.fals@ assignment
immediately start moving into their respective sequences of targets. In sequences containing multiple targets,
the agents will wait at their source vertex and move into the sequence in increasing order of iadex. Each
clause agent will move through the shortest sequence that it can reach and is not blocked by constraints. Without
loss of generality, let us assume one shortest sequence. If §gmdrue (resp.G = fals@ appears in the clause
associated with agerfly, then agen®g can wait at its source vertex until ager@k.q(resp.: G.J clears vertexgs,

(resp.E g.9- Then,2g can move through sequence (resp.G), as the literal agents whose targets appear in
sequence G (resp.G) are still waiting at their source vertice®g may have to wait until other clause agents that
move through the same sequence clear the rst vertex in the sequence, but this will not pre2gfmdm reaching

its target, only delay it. As soon as all clause agents that move through sequeGggesp.G) have cleared it, the

literal agents: G.o(resp.Gs.g that connect to it will start moving into the sequence in order of thedindex. With

that, all agents have been assigned paths to their targets. Thus, if the 3SAT instance is satis able, the PFC-MAPF
instance has a solution.

If PFC-MAPF has a solution, then each clause agent was assigned a path to its target. For each clause agent, this
path passes through one of (up to) three sequences corresponding to the negated (resp. unnegated) version of an
unnegated (resp. negated) literal that appears in the clause. Each literal &getresp.: G.g can only reach its
target through one sequence of vertices, with the number of wait actions that it will have to perform depending
how many clause agents traverse this sequence, and how many other literals have their targets in this sequence.
All unnegated (resp. negated) literal aget@so(resp.: G.9 must have moved into and blocked sequerigéresp.

: 3) before any clause agef@y may traverse the complementing sequencg; (resp.G). Therefore, we can see
that for every variableGg, either sequenc&g or : G (and not both) was traversed by clause agents, giving us
an assignment oy = falseor Gg = true, respectively. For every variablg where neither sequenc& nor : G
was traversed by any clause agent, any assignment would su ce, so we arbitrarily asgigrtrue. Thus, the
resulting assignment satis es the 3SAT instance. f

A.4  Proof of Theorem 7
Theorem 7. The optimisation problem of PFC-MAPRRhard on undirected graphs.

Proof. We prove Theorem 7 by following a reduction from the 3SAT problem proposed by Yu and LaValle
(2013), and showing it can similarly be used for PFC-MAPF. This proof is similar to the proof presented in
appendix A.2, except that the path-functida is now handled as part of the reduction. To start the reduction, we
create a PFC-MAPF problem corresponding to the 3SAT instance=wjtk agents on an undirected graph.

The set of agents is:

=fGe"""e (2" " " e 2qg

The Gg agents are calledlariable agentghe2g agents are calledlause agent&or each variabl&, we create a
vertex kg, that represents its source vertex. We connect two paths of length 2 to the source vertex, and join
their ends such that the target is at the end vert%. The agent can traverse along either of the two paths to
reach its target i< | 2 steps. Let these two paths be tB¢h upper and lower paths. We will refer to the circuit
that each such pair of paths creates as it gadget.

Next, for each clause, we add a clause ad&@nwhose source is verte,. This vertex is connected to three
paths that represent the literals in the clause2 If a literal is unnegated (resp., negated), tH&nis connected
to the 8th upper (resp., lower) path at a vertex of distanB&rom Eg,. The target vertices for the clause agents are
created as follows: A path of length is added, where one end of the path is connected to the source végex
The connected vertex is the target vertex of ag@at(l‘:“i ) followed by the target vertex of agert 1 (E‘i )
and so on, until the end of the path where the target vertex of ag@p@l) is located.
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Lastly, we de ne the path-functior- : We will only regard paths that do not include wait actions, as we only
discuss optimal solutions in this proof. We can thus ledvaunde ned for paths that include wait actions. All
variable agents prefer to take the lower path. All clause agents prefer to traverse paths belonging to gadgets that
have constraints imposed by the variable agent associated with them; i.e., if variable @geas already planned
when the clause agent plans, then tB¢h gadget is considered a preferred gadget. Naturally, if a clause agent
is connected to a path that has constraints, then that path will not appear as a shortest pagg.f8imilarly, if2g
is connected to both the lower and upper paths of #Bth gadget, and variable age@ has taken the upper (resp.
lower) path, then the upper (resp. lowe2) path will not appear as a shortest path f@. 29 will thus traverse
the lower (resp. upper) path. Hy is connected to multiple gadgets with constraints, then the gadget with the
minimal index @ among them is preferred. Hg is not connected to any gadget with constraints, then it prefers
to take a lower path if it is connected to one. Otherwise, it will have to take an upper pat® i$ connected to
multiple lower (resp. upper) paths, it will choose the one with minimal ind&x The preference towards paths
with lower 8is made for completeness, and does not a ect the construction.

Figure 12 shows the complete graph for the PFC-MAPF problem constructed from 3SAT insiféhc&e Ge Ggr
G G _G° " G_G_:G°": G_ G_ G°gi. Ared vertex represents the source vertex of an agent,
and a blue vertex is the target vertex.

To prove the di culty of solving PFC-MAPF optimally, we must ask the question "does a solution with cost
. exist for a given PFC-MAPF problem instance?". We set 1=, <°l< = 2° meaning all agents reach their
targets without performing any wait actions.

If the 3SAT instance is satis able, each varial@ereceives an assignment of truth vali®. There exists a total
orderP over the agents where all variable agents associated wittua assignment have the highest priority,
followed by all clause agents, and then all variable agents associated W#ls@assignment. This describes a
partial ordering, but any totalization of this partial ordering will serve our purpose. Formally:

P=ffGjG=trueg f2"""2g fGjG= falseyg

All variable agents corresponding toue variables take their lower paths, leaving their upper paths empty, and
so those will be traversed by corresponding clause agents. Clause agents that do not connect to the upper path of
any true agent must therefore connect to the lower path of at least one variable agent assfgissisince the
clause must contain a negation of sor@e= falsevariable for the 3SAT instance to still be satis able. The variable
agents assignethlsethen take upper paths if some clause agent traversed their lower path. Otherwise, they
will take the empty lower path. This means that all variable agents and clause agents can start moving at time
step zero and arrive at their targets at time step, 2. Thus, if the 3SAT instance is satis able, the PFC-MAPF
instance has a solution with the optimal cost , <°i< 20

If the PFC-MAPF instance has a solution with cést, << 20, then each agent has a path that arrives at
its target without waiting. This means each variable ag&gtmust move exclusively through either its lower or
upper path, preventing any clause agetfrom taking the same path in the opposite direction, but leaving the
other path free for2g to traverse. If agenGg uses the lower (resp. upper) path, &= CAD#esp. false). Thus, the
resulting assignment satis es the 3SAT instance. f

A.5 Proof of Theorem 8
Theorem 8. The decision problem of whether a priority-constrained solution exiétasd on undirected graphs.

Proof. We prove Theorem 8 by a reduction from the 3SAT problem. We create a corresponding PC-MAPF
problem with2=_, < agents on an undirected graph. The set of agents is:

=fGe """ e (32" " e 20 5o " " 0
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Fig. 14. Reduction from 3SAT to PC-MAPF for the instahf@+ G G Garf1 G_: G_G°: G_G_: G°*: G_G_GOqi.
The red vertices are the source vertices, and the blue vertices are the targets.

TheG agents are calledariable agentghe2g agents are calledlause agentand theX's are calledller agents
We construct the graph exactly like Yu and LaValle (2013) and expand upon it to prove our theorem. First, we
construct a simple gadget for each varial@icalled amouse gadgeForG, we create a vertels, that represents
its source vertex. We connect two paths of length, 2to the source vertex, and join their ends such that the
target is at the end vertek‘-&. The agent can traverse along either of the two paths to reach its target in2
steps. Let these two paths be tB¢h upper and lower paths. This section of the gadget is the body of the mouse.
We create an additional path of length | 2 (the tail of the mouse) such that the last node of the patikis We
add a ller agent5to the rstvertex of that path and call itg;,. The target vertex ofgis Eg,.

Next, for each clause, we add a clause ad@nwhose source is verte,. This vertex is connected to three
paths that represent the literals in the clause2 If a literal is unnegated (resp., negated), tHepis connected
to the 8th upper (resp., lower) path at a vertex of distan®&om Eg,. The target vertices for the clause agents are
created as follows: A path of length is added, where one end of the path is connected to the source vé&gex
The connected vertex is the target vertex of ag@t(l‘:“i ) followed by the target vertex of agert 1 (E‘Z )
and so on, until the end of the path where the target vertex of ag?}p(@l) is located. Lastly, we de ne the total
order over the set of agents:

Pp=fg " & G """ G 2 """ X¢

Note that agenty has the highest priority and agert has the lowest priority. All ller agents must arrive at
their target on time stepx , 2, as they have higher priority over clause and variable agents.

Figure 14 shows the complete graph for the PC-MAPF problem constructed from 3SAT inifBe&. G Ggr
G 1 G_G°":G_G_:G°": G_ &_ G°gi. Ared vertex represents the source vertex of an agent,
and a blue vertex is the target vertex. Note thay, is both red and blue as it is the source vertex of agépand
the target vertex of agenk.

If the 3SAT instance is satis able, each varialereceives an assignment of truth val@. If G is true (resp.,
false), then let agen® take the lower (resp., upper) path of the body of the mouse gadget. The path that was not
chosen is free to transit for the clause agents corresponding toGiwariable. This means that all variable agents
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and clause agents can start moving at time step zero and arrive at their targets at timestep Thus, vertices
E; are free at time step , 2for all agents% to arrive at their target. Since all agents can reach their targets
within their individually optimal time, they do not violate the total ordeP.

If PC-MAPF has a solution, then all clause agents have an optimal path to their target. Since the ller agents
must reach their targets at time step , 2then agent has to be at its vertex targ@’( at time step< , 2and
attime step< , 1at one of the verticess,. Any delay in the arrival of a clause ageit would prevent it from
arriving at vertexE‘i at time step< , 2, and thus agen® will be blocked by the ller agents. Variable agents
G also cannot delay the path of the clause agents, and so they need to choose the opposite path to the clause
agents' path in the body of the mouse gadget. If ag&ntises the lower (resp. upper) path, &= CADdesp.
false). Thus, the resulting assignment satis es the 3SAT instance.

f
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B Extended Results

Fig. 15. Additional results for max runtime per instance, as a factor of coverage.
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Fig. 16. Results for coverage as a factor of the number of agents.
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Fig. 17. Additional results for the cost of solutions, relative to the best known lower bound on the cost of optimal solutions
to the equivalent MAPF problems.
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Fig. 18. Results for the cost of solutions, relative to the best known lower bound on the cost of optimal solutions to the
equivalent MAPF problems, as a factor of the number of agents.
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Fig. 19. Additional results for suboptimality of solutions and Success RafeRRRwith 1 or 50 path-functions, as a factor
of the number of orderings a empted. Part 1.
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